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This thesis deals with the model theory of two kinds of lattice-ordered algebraic
structures arising naturally in real algebraic geometry, both of which are understood
within the context of real closed rings in the sense of Niels Schwartz.

The first such structure is the set Cy, (X) of continuous semi-algebraic functions
on a semi-algebraic curve X C R™ over real closed field R regarded as a lattice-ordered
module over itself. The model-theoretic analysis of Cs, (X) is carried by an adaptation
of the two-sorted machinery developed by Fuxing Shen and Volker Weispfenning in
their study of first-order properties of lattice-ordered abelian groups of functions in
terms of their lattices of zero sets. The lattice-ordered module Cs, (X) is enriched with
a sort for its lattice of zero sets Ly (the space sort), a sort for a real closed valuation
ring O (the germ sort), and suitable maps connecting these sorts. It is shown that
the resulting three-sorted structure eliminates quantifiers relative to the space and
germ sorts, from which it follows that every first-order property of the lattice-ordered
module Cj , (X) is equivalent to a Boolean combination of first-order properties of Lx
and Ogr. Under the additional hypothesis that R is a recursive real closed field, this
equivalence is effective, from which decidability of the theory of the lattice-ordered
module Cs, (X) is obtained.

The second class of structures is that of n-fold fibre products of non-trivial real
closed valuation rings along surjective maps onto a fixed domain D. For a fixed n > 2,
this class splits into two subclasses, called in this thesis rings of type (n, 1) and of type
(n,2) according to whether D is a field or not (respectively). Geometric examples
of rings of type (n, 1) are rings of germs of Cs, (X) at a point a € X, where X is
a semi-algebraic curve as above. It is shown that these two classes admit a simple
axiomatization in the language of rings and their basic model-theoretic properties are
established, namely, completeness, decidability, and NIP, as well as model complete-
ness and quantifier elimination in suitable enrichments of the language of rings. These
model-theoretic results rest on a structure theorem proved for reduced local SV-rings
of finite rank which explicitly describes them as finite iterated fibre products of non-
trivial valuation rings along surjective ring homomorphisms, as well as on equivalent
descriptions of branching ideals in local real closed rings of finite rank. The algebraic
and model-theoretic study of of rings of type (n, 1) and of type (n,2) is framed within
the larger class of local real closed SV-rings of finite rank, and the results obtained in
this thesis pave the way toward a uniform model-theoretic treatment of these latter
rings in terms of their branching spectra.
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Chapter 1

Introduction

A lattice is here understood to be a partially ordered set (L, <) such that the supremum
a V b and the infimum a A b of every pair of elements a,b € L with respect to < exist
in L. Lattices are ubiquitous algebraic and ordered structures which appear in diverse
areas of mathematics such as topology, algebra, and logic.

This thesis contributes to the model-theoretic analysis (that is, the study of first-
order logical properties) of certain algebraic structures arising in real algebraic geome-
try which carry a lattice order compatible with their underlying algebraic operations,

namely:

e The lattice-ordered module Cs, (X) (over itself) of continuous semi-algebraic
functions X — R on a one-dimensional semi-algebraic subset X C R™ without

isolated points over a real closed field R. This is the content of Chapter 3.

e Local real closed SV-rings of finite rank; equivalently (Theorem 4.4.2), finite
iterated fibre products of non-trivial real closed valuation rings along surjective

ring homomorphisms onto domains. This is the content of Chapter 4.

Cs.o.(X) can also be regarded as a ring with pointwise addition and multiplication
of functions. In particular, a first connection between the content of Chapters 3 and 4
is that both the ring C5., (X) and local real closed SV-rings of finite rank are particular
examples of real closed rings in the sense of Niels Schwartz. Real closed rings are a
class of lattice-ordered rings introduced by Schwartz in [Sch89] (see also [Sch87]) to
serve as rings of global sections of affine real closed spaces, the latter being analogues

of Grothendieck’s affine schemes in the context of real algebraic geometry.

9



CHAPTER 1. INTRODUCTION 10

A second and less obvious point in common between Chapters 3 and 4 is that the
ring of germs of functions f € Cs, (X) at a point a € X (that is, the localization of
the ring Cs., (X) the maximal ideal m, := {f € C;..(X) | f(a) = 0}) is a local real
closed SV-ring of finite rank. More precisely, if n is the number of half-branches of
the curve X at a, then the ring of germs Cs, (X)n, is isomorphic to the n-fold fibre
product (((Ogr xg Or) Xgr ...) Xgr Og), where Op is the ring of germs of function
f € Csa(X) at a half-branch of X, see Corollary 2.3.37 and Example 4.4.9.

The third and last common feature of Chapters 3 and 4 is that both use the well
known model-theoretic properties of real closed valuation rings established by Cherlin
and Dickmann in [CD83] for the analysis of the first-order properties of the structures
dealt with in each chapter. That such analysis can be done in this way is witnessed
algebraically by the fact that both the ring Cs, (X) and local real closed SV-rings
of finite rank admit a sheaf representation on a spectral space whose stalks are real
closed valuation rings, see [Sch91].

The model-theoretic analysis of the lattice-ordered structures dealt with in this

thesis is motivated by the following:

Question. Let S C R™ be a semi-algebraic subset. Does the real closed ring C, (5)
of continuous semi-algebraic functions S — R have a decidable first-order theory

when S is of dimension 17

The question above arises from the decidability and non-decidability results in the
literature of various theories Th(A) in the language of rings of real closed rings A of

functions S — R, namely:

(i) Th(A) is decidable if A is the ring of all functions S — R by the Feferman-
Vaught theorem in [F'V59].

(ii) Th(A) is decidable if A is the ring of all semi-algebraic functions S — R by
Astier’s [Ast08, Theorem 1].

(iii) Th(A) is undecidable if S has non-empty interior and A is the ring of all contin-
uous functions S — R by Cherlin’s [Che80, Theorem IJ.

(iv) Th(A) is undecidable if S is semi-algebraically connected of constant local di-

mension at least 2 and A is the ring of all continuous semi-algebraic functions



CHAPTER 1. INTRODUCTION 11
S — R by [DT20, Theorem 6.7].

The results obtained in this thesis contribute to the above question by showing

that if R is a real closed field and X C R™ is semi-algebraic of dimension 1, then

(a) If R is a recursive real closed field, then the theory of the lattice-ordered module

Cs.a.(X) over itself is decidable, see Proposition 3.5.3 (ii).

(b) The theory of the ring of germs of functions f € Cy, (X) at any point a € X is
decidable, see Example 4.4.9 and Corollary 4.5.28.

1.1 Structure of the thesis

Chapter 2 contains all background material needed for Chapters 3 and 4. Most of the
results in Chapter 2 are required preliminaries for Chapter 3, while only the content in
Section 2.3 is a required preliminary for Chapter 4. In particular, the essential back-
ground material for Chapter 3 is Subsection 2.4.3 on the Shen-Weispfenning theorem
for lattice-ordered abelian groups of functions.

Chapters 3 and 4 can be read independently. The introductions in Sections 3.1
and 4.1 explain the algebraic and model-theoretic context and set-up of the contents
of Chapters 3 and 4, respectively, as well as the structure within each chapter and a

summary of the main results obtained.

1.2 General conventions and notation

(I) All rings are commutative and unital, and all ring homomorphisms preserve the
multiplicative unit. The category of rings together with ring homomorphisms is

denoted by CRing.

(IT) A partially ordered ring (poring for short) is a ring A equipped with a partial
order < such that for all a,b,c € A,ifa < bthena+c<b+c¢, and if 0 < a,b

then 0 < ab.
(ITI) If A is a domain, then qf(A) is the quotient field of A.

(IV) If A is a partially ordered group, set A=? := {a € A|a > 0}.
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(V) If f: X — N is any function, then im(f) is its image and f;s the restriction
of fto S CX.

(VI) N is the set of positive integers and Ny := N U {0} = w.
(VII) If n € N, then [n] :=={1,...,n}.
(VIII) If X is any set, then P(X) is the power set of X.

(IX) W and /A denote logical disjunction and conjunction, respectively.

1.2.1 Prerequisites

In this thesis it is assumed familiarity with the following areas of mathematics:
e First-order model theory ([Mar02], [CK90], and [Hod93]).
e Semi-algebraic geometry and o-minimality ([BCR98], [Dri98], and [PS8&6]).
e Commutative algebra ([AM69] and [MR&9]).

Some working knowledge of basic categorical notions such as pullback or functor
is also assumed; for such notions a standard reference is [Mac98]. The level of depth
assumed in the areas above is that of an introductory graduate-level course. The reader
is referred to the aforementioned sources for details on any notion corresponding to one
of the these areas which appears undefined in this thesis, such as model completeness,

semi-algebraic function, or prime ideal.



Chapter 2

Preliminaries

The central classes of lattice-ordered algebras that are dealt with in this thesis are
real closed rings and lattice-ordered abelian groups. As such, one may divide the four

sections of this chapter in:

e Main sections: real closed rings (Section 2.3) and lattice-ordered abelian groups

(Section 2.4).
e Secondary sections: model theory (Section 2.1) and spectral spaces (Section 2.2).

Sections 2.3 and 2.4 can be read independently of each other, and these two main
sections both make use of part of the theory presented in the secondary sections. The
extent to which Sections 2.1 and 2.2 are secondary will be clear from the outline of
the content of this chapter that now follows.

Section 2.1 on model theory deals with two separate topics. The first one is that of
relative quantifier elimination. This syntactic property of multi-sorted theories is the
key notion needed to formalize two of the main theorems in this thesis, namely, the
Shen-Weispfenning theorem on lattice-ordered groups of functions (Subsection 2.4.3),
and the main theorem of Chapter 3, whose proof builds on the ideas behind the
proof of the Shen-Weispfenning theorem. The second topic is that of recursive model
theory, which deals with the effective content of model-theoretic constructions. This
is included in order to set-up the right framework to obtain decidability results from
the two aforementioned theorems. Here an important distinction is made between
the theory of a structure being decidable and the structure itself being decidable, the

latter being a crucial ingredient for the decidability results in Chapter 3.

13



CHAPTER 2. PRELIMINARIES 14

The role that spectral spaces play in this thesis is that of being spaces X on which
both real closed rings and lattice-ordered abelian groups can be represented as algebras
of functions X — N for a suitable choice of totally ordered structure N. Section
2.2 introduces all the required notation and terminology on spectral spaces that is
needed to use such functional representations in order to apply the Shen-Weispfenning
theorem to the additive group reduct of a real closed ring and to an arbitrary divisible
lattice-ordered abelian group.

Section 2.3 contains all the relevant background on real closed rings needed for the
development of both Chapters 3 and 4. Here a particular emphasis is made on real
closed valuation rings for two reasons: a particular real closed valuation ring is used
to obtain the relative quantifier elimination statement of Chapter 3 (namely, the ring
of germs of continuous semi-algebraic functions on a semi-algebraic curve at a half-
branch, see Subsection 2.3.2), and real closed valuation rings are used to construct the
class of real closed rings which is dealt with in Chapter 4.

Lattice-ordered abelian groups are introduced in Section 2.4 just to the extent
needed to contextualize and prove the Shen-Weispfenning theorem in Subsection 2.4.3.
The core of this section is in fact the content in Subsection 2.4.3, since it serves as a
basic template for the set-up and proof of the main theorem in Chapter 3.

Most of the material in this chapter is folklore and well known. Those results which

do not appear in the literature or which are of difficult access include a proof.

2.1 Model theory

Fix the following conventions, notation, and terminology which will be used throughout

this section:

(I) Every language .Z is a (possibly multi-sorted) first-order language.
(IT) Constant symbols ¢ € .Z are regarded as 0-ary function symbols.

(III) The interpretation in an .Z-structure .# of a non-logical symbol or a sort in .&

will be indicated with the superscript notation (—)# whenever this is needed.

(IV) If £ is a language, then .Z-Fml is the set of all .Z-formulas.
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(V) An Z-theory is' a consistent and deductively closed set of Z-sentences.

(VD) If A is an ZL-structure, then an Z-formula ¢(7) is equivalent to ¥ (T) modulo
M A M= VE(0(T) < Y(T)). If T is an ZL-theory, then an Z-formula p(T) is
equivalent to (T) modulo T if p(T) is equivalent to ¥(Z) modulo every # = T
equivalently, T'F VZ(¢(Z) <> ¥(T)).

2.1.1 Relative quantifier elimination

Familiarly with basic many-sorted model theory is assumed for this subsection (see
for instance Appendix B in [ADHI17]), but all the relevant notions will be recalled
as required. A simple example of a two-sorted structure to have in mind for this
subsection and which will be particularly relevant for Section 2.4 and Chapter 3 is the
following: the group R¥ of all functions R — R under pointwise addition together
with the “valuation-like” map R® — P(R) to the Boolean algebra P(R) given by
f = {x € R| f(z) = 0}, where one sort is the group R® and the other sort is the
Boolean algebra P(R).

Much of the material of this subsection is contained in [Rid14, Chapter II, Appendix
Al.

Throughout this subsection, . is a multi-sorted language with partition

of sorts [T U ¥ and T is an .Z-theory.

For what follows, recall that every function and relation symbol in the multi-
sorted language £ is equipped with a sort (cf. [ADHI17, Appendix Bl - B4]): if
f € £ is a function symbol, then the sort of f is a tuple of sorts (S,..., Sm, Sm+1)
such that f# is a function Si% x ... x S;# — S:% | for every .Z-structure .# (and
thus f is in particular an m-ary function symbol), and the sort of a relation symbol
is defined analogously. Similarly, every variable is equipped with a unique single
sort, and given ¢(x1,...,z,) € Z-Fml, the sort of p(z1,...,x,) is the tuple of sorts

(S1,...,Sn), where S; is the sort of x; for all i € [n]; for instance, if f is a function

IThis definition of a theory strays away from the standard model-theoretic definition of a theory
(that is, that an Z-theory is just a set of #-sentences). The assumption that theories in this thesis are
consistent and deductively closed is used when discussing matters of recursiveness and decidability;
this is in accordance to the literature in recursive model theory, see [Rab77, Subsection 1.1] or [Har98,
Section 2].
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symbol of sort (Si,...,Sm, Sms1), then the formula f(z1,...,z,) = T, is of sort
(S1,- -y Smy Sma1)-

Definition 2.1.1. (i) A function symbol in .Z is ¥-sorted (II-sorted) if it is of sort
(S1, ..y Smy Smt1) with S; € ¥ (S; € II) for all @ € [m + 1]; a X-sorted relation
symbol in .Z is defined analogously, and a variable z is a ¥-variable (II-variable)
if x is of sort S for some S € ¥ (S € II). Write Ly, (L) for the restriction of

Z to Y-sorted (II-sorted) function and relation symbols.

(ii) The Morleyization of £ on ¥ is the language
gE-Mor =ZU {ch(f) ’ QO(T) S gyg—le},

where R,(Z) is a new relation symbol of sort (Si,...,S) for each ¢(7) €

ZLs-Fml of sort (S1,..., ).
(iii) The Morleyization of T on X is the £* M _theory

TSN T VE(R,(T) < 9(T)) | 9(T) € Ls-Fml}.

(iv) T eliminates quantifiers relative to ¥ if T=M° has quantifier elimination, that
is, if every Z*Mo_formula is equivalent modulo T7>M°" to a formula without

quantifiers; if ¥ = {S}, then say that T eliminates quantifiers relative to S.

(v) T eliminates I1-quantifiers if every £-formula is equivalent modulo 7" to a for-

mula without TI-quantifiers; if IT = {S}, then say that T eliminates S-quantifiers.

Remark 2.1.2. If T eliminates quantifiers relative to 3, then T" eliminates II-quantifiers.
Indeed, let ¢(7,7) be an Z-formula (where T are II-variables and g are ¥-variables);
then o(7, %) is also an £ Mer_formula, therefore by assumption there exists an Z*Mer-
formula o1 (T, 7) without quantifiers which is equivalent to (7, %) modulo 7M. Let
©2(T,7) be the £-formula obtained by replacing every atomic Z*M°"_subformula of
©1(T,7y) of the form Ry(Z,7) (where 0(Z,7) is an Zjx-formula) by 6(Z,7); then p»(7,7)

is an Z-formula without II-quantifiers which is equivalent to ¢(Z,7) modulo 7.

Definition 2.1.3 (Definition II.A.7 in [Rid14]). The set of sorts ¥ is closed (in £)
if £\ (Zn U Zy) is either empty or it consists only of function symbols f of sort
(S1y- .oy Sy Smg1) with m € N, S; € 11 for all ¢ € [m], and S,,41 € X. If ¥ is closed,
define Fy := £\ (Ln U Lx).
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Loosely speaking, if ¥ is closed, then the only interaction between the sorts in II

and the sorts in X is via function symbols in

Fyx ={f €2 fis a function symbol of sort (Si,...,Sm, Smi1)

with m € N, S; € Il for all 7 € [m], and S,,; € X}.
Remark 2.1.4. X is closed if and only if the following conditions hold:

(i) if f € Z is a function symbol of sort (S, ..., Sm, Sme1) with m € N such that
Sms1 € II, then S; € 11 for all i € [m);

(ii) if f € & is a function symbol of sort (Si,...,Sm, Smi1) with m € N such that
Sma1 € ¥ and there exists ¢ € [m] such that S; € 3, then S; € ¥ for all i € [m)];

and

(iii) if R € £ is a relation symbol of sort (Sy,...,S,) and there exists ¢ € [n] such
that S; € X, then S; € ¥ for all i € [n].

Remark 2.1.5. If ¥ is closed, then any atomic .Z-formula ¢(Z,7) (where T are II-

variables and 7 are X-variables) is of the form
(i) ¥(7) for some atomic Zjy-formula ¢(T), or

(i) 0(fi(w (7)), .., fr(u;(Z)),y), where §(z,...,%,7y) is an atomic Zjy-formula,
and for all ¢ € [r], w;(Z) is a tuple of Zjp-terms and f; is a function symbol in

Fs of the appropriate sort.

Lemma 2.1.6. Suppose that 3 is closed. If Fs, = &, then every £ -formula is equiv-

alent to a Boolean combination of Zn-formulas and Z}s,-formulas.

Proof. By writing .#-formulas in prenex normal form? and inducting over quantifiers,
it suffices to show that the Z-formula 32 /™| NJ_, ¢i;(T,7,2) is equivalent to a
Boolean combination of .Zj-formulas and .%}y-formulas, where z is either a II-variable
or a Y-variable, and each ¢;;(T,7,2) is an atomic .Z-formula such that 7 are II-
variables and 7 are Y-variables. Assume without loss of generality that z is a -

variable; since ¥ is closed, Fy, = @ together with Remark 2.1.5 imply that ¢;;(Z,7, 2)

2The proof that every formula in a multi-sorted language is equivalent to a formula in prenex
normal form (i.e., a formula consisting of a possibly empty string of quantifiers followed by a quantifier-
free formula) is analogous to the one-sorted case.
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is either an atomic Zjy-formula ¢;;(Z) or an atomic .Zjy-formula ¢;;(y,2) for all
i € [m] and for all j € [n], therefore it can be assumed that for each i € [m] there
exists n; € [n] such that ¢;;(Z,7, 2) is an atomic Zjg-formula ¢;;(Z) for all j € [n]

and ¢;;(Z, 7, 2) is an atomic Zjy-formula ¢;;(7, ) for all j € {n;+1,...,n}. Itis clear

that ,
W (Ao (32 i eur)
j=1 \i=1 i=n;+1
is a formula equivalent to the original one and that it is in the required form. O

Lemma 2.1.7 (Remark II.A.8.3 in [Rid14]). Suppose that ¥ is closed. Then T elim-

inates I-quantifiers if and only if T eliminates quantifiers relative to 3.

Proof. One implication follows by Remark 2.1.2, so suppose that T eliminates II-
quantifiers. By writing .#> ™ -formulas in prenex normal form and inducting over
quantifiers, it suffices to eliminate quantifiers in formulas of the form Iyp(Z,7) and
7 (T, %), where (T, %) is a quantifier-free £>M"formula, T are Il-variables, and 7
are Y-variables.

Since Y is closed, it can be assumed by Remark 2.1.5 that each atomic subformula

of p(7,7) is of the form
(i) ¥(7) for some atomic Zjy-formula ¢(T), or
(ii) Roe(fr(ui(T)),..., fr(w-(T)),y), where 0, f;, and u; are as in Remark 2.1.5 (ii);

in particular, it can be assumed that ¢(Z,7) is a finite conjunction of formulas of the
form as in items (i) and (ii) above. Let Ry, (f(@(T)),7), ..., Ro, (f(@W(T)),7) be a com-
plete list of all atomic subformulas of ¢(7,7) of the form as in item (ii) above, and let
¢'(T) be the Z*M_formula defined by replacing the subformula N[, Ry, (f(u(Z)),7)
of o(Z,7) by Ragpr, o, (f(@(T)); then ¢'(T) is a quantifier-free £*M°"-formula equiv-
alent to Iy (T, 7) modulo T=Mer,

Let ¢1(7) be an .Z-formula equivalent to 3Tp(T,7) modulo T=M" (this exists since
T=Mer i an extension of T by definitions). By assumption, there exists an .Z-formula
©2(7) without IT-quantifiers which is equivalent to ¢;(7) modulo T', therefore pq(7) is
an ZEMer_formula without II-quantifiers equivalent to 3T (Z,7) modulo T>Mr; by

the above, ©5(%) is equivalent to a quantifier-free Z*M°r_formula modulo 75 and

this concludes the proof. O]
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This section concludes with a syntactic test for relative quantifier elimination, see
Proposition 2.1.9. The proof idea is essentially a generalization of the proof of the

main theorem in [SW87a].

Lemma 2.1.8. Suppose that ¥ is closed and that every atomic Zn-formula (%) is
equivalent modulo T to an £-formula of the form 0(f,(u(T)),..., fr(@-(T))), where
0(z1,...,2) is an atomic Lis-formula, and for all i € [r], w;(T) is a tuple of Lin-
terms and f; is a function symbol in Fx. of the appropriate sort. Then every £ -
formula ©(Z,y) without I1-quantifiers (where T are ll-variables and § are X-variables)

18 equivalent modulo T to a formula of the form

32( Zgj/)(\/X\zZ fi(w(z ) (1)

where (Z,7) is an Lx-formula, and for all i € [m], w(T) is a tuple of L-terms
and f; is a function symbol in Fsx, of the appropriate sort. Moreover, if o(T,y) is an

existential formula®, then the resulting equivalent formula in (1) is also existential.

Proof. Let ©(Z,7) be an Z-formula without II-quantifiers. By writing ¢(7,7) in

prenex normal form, it may be assumed that ¢(Z,7) is of the form

lel s ann’yl (Ea yv 6) (21)

where 7, (Z,7,7) is a Boolean combination of atomic .Z-formulas, and for all ¢ € [n],
Qi is either ¥ or 3, and v; is a 3-variable. By Remark 2.1.5 and by assumption, (2.1)

is equivalent modulo 7" to a formula of the form

lel s annfh (Ev y: F) (22)

where @); and v; are as above for all i € [n], and 1(Z,7,7) is a Boolean combination

of formulas of the form

Q(fl(u_l(f))’ ce >fr(u_r(f))7?7aﬁ)7

where 0(z1,...,2.,7,0) is an atomic Zjy-formula, and for all j € [r], @;(Z) is a tu-

ple of Zp-terms and f; is a function symbol in Fy, of the appropriate sort. Let

3Here an existential formula is one whose prenex normal form consists of a block of existential
quantifiers followed by a quantifier-free formula.
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f1(@(Z)), ..., fm(@n(T)) be a complete list of all the terms appearing in v, which are
of the form f(@(7)), where w(Z) is a tuple of Zjy-terms and f is a function symbol
in Fx, of the appropriate sort, and let v3(Z,7,7) be the formula obtained by replacing
each occurrence of the term f;(w;(T)) in v, by a new Y-variable z; for all i € [m]; then

73 is an Zp-formula by construction, and (2.2) is equivalent modulo 7" to

where v(Z,7) is defined as Q1v; . .. Qnv,v3(Z, 7, 7). The moreover part in the statement

of the lemma is clear by construction. O
Proposition 2.1.9. Suppose that X is closed. Suppose further that:

(i) every atomic Ln-formula ¥(T) is equivalent modulo T to an L -formula of the
form 0(f1(wi(Z)), ..., [ (T))), where O(z1,...,2) is an atomic ZL}x-formula,
and for all i € [r], w(T) is a tuple of Ln-terms and f; is a function symbol in

Fs. of the appropriate sort; and

(i) for all m € N, all tuples (fi,..., fm) of functions f; € Fx, and all tuples of

L-terms w;(T,w), the formula

Jw [/X\ 2% = fi(W(T, w))]

i=1
15 equivalent to a formula without I1-quantifiers, where z; are appropriate -

variables.

Then T eliminates I1-quantifiers; equivalently (Lemma 2.1.7), T eliminates quantifiers
relative to 2. Moreover, if each of the formulas in (ii) is equivalent to an existential
formula without 11-quantifiers, then every existential formula is equivalent modulo T

to an existential formula without I1-quantifiers.

Proof. By writing formulas in prenex normal form and inducting over II-quantifiers,

it suffices in turn by Lemma 2.1.8 and item (i) to show that

Elw[ ( v(Z,7) /X\/X\zZ fi ulxw))>], (2.3)
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is equivalent to a formula without II-quantifiers, where ~, f;, and u; are as in the
formula (1) in Lemma 2.1.8. Since v(Z,7) is an Zjy-formula and w is a Il-variable,

(2.3) is equivalent to

3z [y(z,y) A Jw (/X\ z = fi(u—i(f,w))ﬂ : (2.4)

and (2.4) is in turn equivalent to a formula without II-quantifiers by item (ii), con-
cluding thus the proof. The moreover part in the statement of the lemma is clear by

construction. O

2.1.2 Recursive model theory

This subsection deals with the effective content of model theory needed for the correct
formalization of the decidability statements that appear in the rest of the thesis, in
particular those in Section 3.5; standard references for recursive model theory (also
known as computable or constructive model theory) are [Mil99] and [Har98].

Albeit here it is assumed that the reader has a basic working knowledge of the
concept of a (partial) recursive function (see for example [Her69], [Rog67], [Manl0,
Chapter V], [Mur99, Chapter 1]), the proofs which involve showing that a particular
function or set is recursive* will always implicitly invoke the Church-Turing thesis
(cf. [Man10, Chapter V, Subsections 2.5 and 2.6]) as it is commonly done in much of
mathematical practice; that is, a function is recursive if and only if it can be computed

somehow.

Definition 2.1.10 (cf. 2.1.1in [Mil99]). Let .Z be a one-sorted language. Write .# for
the set of function symbols of .Z, Z for the set of relation symbols of .2, € for the set of
constant symbols of .Z, and . for the set of logical symbols of .Z. The language % is
recursive if there exists an injective function (called an effective /recursive presentation
of £)

-] FUZUCUYS —w
such that

(i) if ¥ :={x; | i <w} C .7 is the set of variables of .Z, then [x;] = 2i € w;

4Recall that a set S C w™ is recursive if its characteristic function ys : w® — w is (total)
recursive.
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(ii) the sets [Z], [#Z], and [€] are recursive; and

(iii) the functions [.#]| — w and [#] — w sending [ F] to the arity of F' € .% and
[R] to the arity of R € # (respectively) are partial recursive and have recursive

image.

Remark 2.1.11. Since every finite set is recursive, every finite one-sorted language is
recursive. However, not every countable one-sorted language is recursive. Indeed, let
S C w be a non-recursive subset and consider the one-sorted language .Z consisting
only of a single n-ary function symbol for each n € S; then £ is not recursive, since
for any effective presentation [—] of ., the image of the arity map [.#| — w is

exactly S, hence not recursive.

Remark 2.1.12. Let £ be a one-sorted recursive language and C' be a new countable set
of constant symbols; then the language Z(C') obtained by enriching .# with constant
symbols for each ¢ € C is also recursive. Indeed, let [—] be an effective presentation
of £, and define S C w to be the image of [—], noting that S is recursive, and thus
sois w\S. If w\ S is infinite, then one may extend the effective presentation of .Z to
an effective presentation of .Z(C') by choosing any bijection C' — w \ S. If w\ S is
not infinite, then define [—1]" := (2 -) o [—] where 2 - : w < w is the function n — 2n;
then [—]" is an effective presentation of .Z whose recursive image in w has infinite
complement, therefore one can extend [—]’ to an effective presentation of .Z(C') as

above.

Unless stated otherwise, . denotes a recursive one-sorted language for

the remaining of this subsection.

Theorem 2.1.13. Let Z-Trm and £-Fml be the sets of £ -terms and £ -formulas,
respectively. There ezists an injective function (called a Gédel numbering/coding of
Z)

-7 ZTrm U Z-Fml — w

such that " Z-Trm" and " Z-Fml" are recursive.

Proof. Folklore. The proof starts with an effective presentation of . and builds the
Godel numbering of .Z by induction on the complexity of terms and formulas, see for

instance [Man10, Chapter VII, Section 4] or [EP84, Chapter 7, Section 38|. ]
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Definition 2.1.10 and Theorem 2.1.13 are commonly referred to in the literature as
the arithmetization (or Gadelization) of syntaz. The Godel numbering of a recursive
language .Z depends on the effective presentation of ., but the choice of the effective
presentation of .Z is not relevant to the purpose of tackling decidability issues dealt

with in this thesis (see Remarks 2.1.16 and 2.1.18), therefore in what follows:

Unless stated otherwise, the symbol "—" stands for some fixed Godel

numbering of .Z.

Using Theorem 2.1.13 one can also show that many other syntactic properties
and constructions of Z-terms and Z-formulas are recursive; for instance, if Z-Sen
is the set of Z-sentences, then ".Z-Sen' is recursive and the function ".Z-Sen x
FZ-Sen' — T.Z-Sen™ given by ("¢ ","¢") +— Ty — 27 is partial recursive with
recursive image. Moreover, the Godel numbering of .Z serves as a way of formalizing

the effectiveness of syntactic notions, in particular:

Definition 2.1.14. Let &, ¥ C .Z-Fml and suppose that "®7, "W C w are recursive.
Let T be an Z-theory. Say that every formula in ® is effectively equivalent to a
formula in ¥ modulo T if there exists a partial recursive function F' : "T®7 — "W

such that for every ¢(7) € ®, the formula ¢(7) is equivalent to ¥ (Z) modulo T', where
Y(T) is the unique formula in ¥ such that "(Z)" = F("p(Z)7).

For example, if ® := Z-Fml and ¥ is the set of quantifier-free formulas, then
Definition 2.1.14 says that T" has effective quantifier elimination; note that there exist
theories in finite (hence recursive) languages with quantifier elimination but without

effective quantifier elimination, see [Pru01, Theorem 3].

Definition 2.1.15. A subset ¥ C Z-Fml is recursive if "7 is recursive. An .Z-

theory T'is decidable if T' is recursive.

Intuitively, an Z-theory T is decidable if there exists an effective procedure which
determines whether ¢ € T or not for every .Z-sentence . More precisely, Definition
2.1.15 states that an Z-theory is decidable if there exists a recursive presentation [— |
of .Z such that the image of T" under the Godel numbering of .Z corresponding to
[—] is recursive. The next remark shows that for finite languages £, decidability of

an Z-theory T is independent of the choice of a recursive presentation of .Z":
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Remark 2.1.16. Suppose that . is finite, and that [—]; and [—]s are two recursive
presentations of .Z yielding corresponding Goédel numberings "—"; and " —"5 of Z. If
T is an Z-theory and "1, is recursive, then "1 is also recursive. Indeed, since .Z is
finite, it is clear that the images S; and Sy of [—]; and [—]5 are recursively isomorphic,
that is, that there exists a partial recursive bijection S; — S5 with partial recursive
inverse. By the inductive construction of the Godel numbering, this yields a recursive

isomorphism "7y — "1, from which the claim follows.

Definition 2.1.17. Let .# be a countable Z-structure (in particular £ (M) is a

recursive language by Remark 2.1.12).

(i) A is recursive if Diag,, (.#) is recursive, where

Diag, () = {p(a) € L(M)-Sen | ¢(Z) is an ZL-literal, a € M7 and
M = p(a)}

is the atomic diagram of .# (recall that an .Z-literal is an atomic .Z-formula or

the negation of an atomic .Z-formula).

(ii) A is decidable if Diag, (.#) is recursive, where

Diag, (.#) := {¢(a) € ZL(M)-Sen | ¢(T) is an .Z-formula, @ € M7 and
M = p(@)}

is the elementary diagram of .#Z. In other words, .# is decidable if and only if
the £ (M)-theory of (.4, M) is decidable.

Remark 2.1.18. Spelled out in full, Definition 2.1.17 (i) says that a Z-structure .#
is recursive (decidable) if there exists a Godel numbering "—7 of £ (M) such that
"Diag,, (.#)" ("Diag,(.#)™) is recursive. In particular, if .# is recursive (decidable)

and ./ is an Z-structure Z-isomorphic to .#, then ./ is also recursive (decidable).

Remark 2.1.19. If .4 is recursive, then "M 7 is regarded in a canonical way as an
ZL-structure. The Z-isomorphism .#Z — "M is known in the literature as a recur-
sive (or computable) presentation of M, see for example [KS99, Definition 2.1] and
[Mon21, Definition I.1]. In general, if .# — "M is another recursive presentation of

A, then the Z-structures "M 7 and " M may have different computability-theoretic
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properties; for instance, "Diag,(.# )" may be recursive while "Diag, (.#)™ is not, see
[KS99, Proposition 6.1] or [Mon21, Example 1.1.2]. For the purposes of this thesis
these issues will not arise as it will suffice to show that a recursive presentation with

some property exists (cf. Remarks 2.1.16 and 2.1.18).

Remark 2.1.20. Let .# be a countable #-structure.

(i) A is recursive if and only if, after identifying M with "M C w, the inter-
pretation of all function and relation symbols of . in "M ™ are (uniformly®)

recursive.

(ii) Since the set of Z-literals is recursive, if .# is decidable, then .# is recursive;
similarly, if .# is decidable, then the .Z-theory of .# is also decidable. How-
ever, the converse of these two implications is not true in general: (w,+,-) is a
recursive structure which is not decidable, and the structure (R, +,-,—,0,1) is

not recursive but it has a decidable theory.

(iii) Recursive and decidable structures in the sense of Definition 2.1.17 are also
known in the literature as constructive and strongly constructive structures (re-

spectively), see for example [EGIS].

Example 2.1.21. Let £P""8 .= {4 — . 0,1, <} be the language of partially ordered
rings. A partially ordered ring A is recursive if it is a recursive £P°""8_structure; for
example, the totally ordered field Q is recursive. The Chapter 2 in Levin’s thesis
[Lev09] summarizes various constructions to obtain recursive totally ordered fields

from a given recursive totally ordered domain; the main such constructions are:

(i) If A is a recursive totally ordered domain, then its (totally ordered) quotient

field qf(A) is recursive; see [Lev09, Lemma 2.3.1].

(ii) If F is a recursive totally ordered field, then the polynomial ring F[t] totally
ordered by setting 0 < ¢t < f for all f € F>° (that is, ¢ is a positive infinitesimal

with respect to F') is recursive; see [Lev09, Example 2.3.2].

(iii) (Madison’s theorem; [Mad70]) If F' is a recursive totally ordered field, then its

real closure p(F') is recursive.

5For the exact definition of uniform recursivity of the interpretations of all function and relation
symbols of a structure see [Ers+98, p. xv] or [Mon21, Definition 1.1]. Uniformity is only needed to
define recursiveness of an Z-structure .# whenever . is an infinite language.
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In particular, the real closed field R,j, of real algebraic numbers is recursive, and thus

s0 is p(qf(Rag[t])) = p(Rag(t)), where t is a positive infinitesimal with respect to R,j,.

Lemma 2.1.22. Let A be a recursive ring, that is, A is a ring and a recursive £ 8-
structure, where L& := {4+ — - 0,1}. If I C A is a recursive ideal (that is, I is an

ideal of A and a recursive subset of A), then A/I is a recursive ring.
Proof. Folklore, see for instance [Rab60, pp. 350, 1.6] or [ST99, Lemma 2.3.11]. [

The next result gives sufficient conditions for a recursive structure to be decidable;
in particular, it follows by Proposition 2.1.23 that every recursive real closed field
is decidable (this also follows by quantifier elimination for the ZP°"né_theory of real

closed fields).

Proposition 2.1.23. Let T be a decidable and model complete theory. If a model .#

of T is recursive, then A is decidable.
Proof. Folklore; see [CMS21, Proposition 1] or [EG98, Proposition 1.5]. O

This section concludes with a discussion on the effective content of the material in
Subsection 2.1.1. Suppose that .’ is a multi-sorted language, and assume for simplicity
that .Z has finitely many sorts; this is only a mild assumption, since every multi-sorted
language considered in the remaining part of the thesis has finitely many sorts. Under
suitable modifications of Definition 2.1.10 it can also be defined what it means for the
multi-sorted language .2 to be recursive; namely, one replaces items (i) and (ii) in

Definition 2.1.10 by

()" if 75 C .7 is the set of S-sorted variables of .Z, then [7#5] is recursive for every
sort S of £, and

(ii)” the sets [Z |, [#Z], and [€s] are recursive for every sort S of £, where [€5] is

the set of S-sorted constants.

Under this definition of recursiveness for the finitely-sorted language £, the same
proof of Theorem 2.1.13 can be adapted to prove that .Z also has a Gédel numbering,
hence the notion of a recursive set of .Z-sentences is well-defined. In particular, this

enables the definition of an effective version of Definition 2.1.1 (v):
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Definition 2.1.24. Let .Z be a finitely-sorted recursive language with a partition
of sorts IT U ¥. An Z-theory T has effective elimination of Il-quantifiers if every

ZL-formula is effectively equivalent modulo 7" to a formula without II-quantifiers.

Remark 2.1.25. The proofs of Lemma 2.1.6, Lemma 2.1.8, and Proposition 2.1.9 also
show that the analogous effective versions of these statements also hold true whenever

the language under consideration is finitely sorted and recursive.

2.2 Spectral spaces

Spectral spaces are a particular class of topological spaces. As mentioned at the
beginning of this chapter, the relevance of these spaces in this thesis is that they
can be used as spaces on which both real closed rings and lattice-ordered abelian
groups admit functional representations, see Lemmas 2.3.3 and 2.4.7, respectively. An
important result in this area is that the homeomorphism type of a spectral space X
is completely determined by the isomorphism type of a bounded distributive lattice
which is functorially associated to X. This is the content of Stone duality for spectral
spaces, which is tangential to the use of spectral spaces which is made in Sections 2.3
and 2.4 below.

All the material present in this section can be found in the monograph [DST19].

Other references for the subject are [Joh82], as well as the more recent [GG24].

Definition 2.2.1. A topological space X is a spectral space if it satisfies the following

four conditions:
(i) X is quasi-compact® and Tj.

(ii) The set

o

K(X):={0 C X | O is quasi-compact and open} C P(X)

is a basis of open sets of X which is closed under finite intersections. In particular,

[¢]

K(X) is a bounded distributive lattice.

SHere a topological space is quasi-compact if every open cover has a finite subcover.
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(iii) X is sober, that is, for every non-empty closed and irreducible subset C' of X
there is a point x € X with C' = clx({z}), where clx(Y) is the closure of a set
Y CXin X.

Every Boolean space (also known as Stone space) is spectral. In fact:
Theorem 2.2.2. Let X be a topological space. The following are equivalent:
(i) X is a Boolean space.
(i) X is a spectral space and IOC(X) is a Boolean algebra.

(iii) X is a spectral space and Hausdorff.
Proof. See [DST19, Theorem 1.3.4]. O

Every spectral space X has the bounded and distributive lattice K(X) as basis
of open sets. Moreover, to every spectral space one can associate two other spectral

topologies also having certain bounded and distributive lattices as basis of open sets:
Proposition 2.2.3. Let X be a spectral space.

(i) The set
K(X) == {X\U|U € K(X)} C P(X)

18 a basis of open sets of a spectral topology on X, called the inverse topology.
The set X equipped with the inverse topology is denoted by X, and the elements
in IC(X) are called closed constructible subsets of X ; moreover, IOC(XiHV) = K(X)
and K(Xiny) = IOC(X)

(ii) The set
K(X) = {ﬂ(U,- UV) |neN, U; € K(X) and V; € K(X) for all i € [n]}
i=1

1s a basis of open sets of a spectral topology on X, called the constructible topol-
ogy. The set X equipped with the constructible topology is denoted by Xcon,

and the elements in K(X) are called constructible subsets of X; moreover,

[¢]

K(Xecon) = K(Xeon) = K(X) and Xcon is a Boolean space.

Proof. For item (i) see [DST19, Definition 1.4.1 and Theorem 1.4.3]. For item (ii) see
[DST19, Definition 1.3.1, Theorem 1.3.14, and Corollary 1.3.15]. ]
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Definition 2.2.4. A function f: X — Y between spectral spaces is a spectral map
if f71(U) € K(X) for every U € K(Y'). Spectral spaces together with spectral maps

form a category which is denoted by Spec.

Remark 2.2.5. If X is a spectral space, then IOC(X ) and K(X) are bounded distributive
lattices, and KC(X) is a Boolean algebra. In particular, let BDLat be the category of
bounded distributive lattices together with lattice homomorphisms which preserve the
top and bottom elements, and let BoolAlg be the (full) subcategory of BDLat whose
objects are Boolean algebras. Then (by taking preimages) l% and K are contravariant

functors Spec — BDLat, and K is a contravariant functor Spec — BoolAlg.

Proposition 2.2.6. Let X be a spectral space andY C X be any subset. The following

are equivalent:

C
(i) Y is a spectral subspace of X, that is, the inclusion map Y — X is a spectral

map.
(ii) Y is proconstructible in X, that is, Y is closed in Xcon.

Proof. See [DST19, Theorem 2.1.3]. O

2.2.1 The prime spectrum and the real spectrum of a ring

It is well known that the set Spec(A) of prime ideals of a ring A can be topologized
with a spectral topology know as the Zariski (or hull-kernel) topology; in fact, by
Hochster’s theorem every spectral space is homeomorphic to Spec(A) for some ring
A, see [Hoc69] or [DST19, Section 12.6]. The next statements summarize the main

properties of the Zariski spectrum of a ring which will be needed in Section 2.3:

Notation 2.2.7. Let A be aring. Write Spec(A) for the prime (or Zariski) spectrum of
A, that is, the set of prime ideals of A. For each a € A set also D(a) := {p € Spec(4) |
a ¢ p}, V(a) = {p € Spec(4) | a € p}, and V(5) := {p € Spec(4) | 5 C p}.

Proposition 2.2.8. Let A be a ring.

(i) The sets D(a) (a € A) form a basis of open sets for a spectral topology on

Spec(A) called the Zariski topology; equipped with this topology, K(Spec(A)) :=
{UL,D(a;) | n €N, ay,...,a, € A} and K(Spec(A)) := {V(S)| S C A finite}.
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(ii) If B is a ring and f : A — B is a ring homomorphism, then Spec(f) :
Spec(B) — Spec(A) defined by Spec(f)(p) := f~'(p) for p € Spec(B) is a
spectral map; in particular, Spec(—) : CRing — Spec is a functor.

Proof. See [DST19, Section 2.5.A] and [DST19, Section 12.1]. O

Proposition 2.2.9. Let A be a ring. The map

K(Spec(A)) — Ti(A)
V(F)— \/(F)

is an anti-isomorphism’ of bounded and distributive lattices, where:

(i) \/(F) is the smallest radical ideal containing the ideal (F) generated by F'; equiv-
alently,

V(F)={a€A|3IneN such that a" € (F)} = ﬂ p (%)

peV(F)

(ii) (Zzd(A), C) is the lattice of finitely generated radical ideals with join and meet

of \/(F1),\/(Fy) € TRY(A) given by /(F))+ (Fy) and /(Fy) N \/(F) (=
(Fy) - (Fy)) (respectively), and top and bottom element given by \/(1) and 1/(0)
(respectively).

Proof. See [DST19, Corollary 12.1.11]. The equalities in (x) follow by basic commu-
tative algebra, as well the fact that if F}, F; C A are finite, then the ideals (Fy) + (F2)
and (Fy) - (Fy) are finitely generated. O

In [CR82] Coste and Roy introduce another spectral space functorially associated
to any ring A, namely the real spectrum Sper(A) of A, see Definition 2.2.10 (II) and
Proposition 2.2.13. The elements in Sper(A) are prime cones of A, which are certain
subsets of A that are in bijective correspondence with pairs (p, <), where p € Spec(A)
and < is a total order on A/p turning it into a totally ordered domain, see Definition
2.2.10 (I) and Proposition 2.2.12. It is in this way that Sper(A) captures order-theoretic

information of A.

Definition 2.2.10. Let A be a ring.

@) Is a bijection F' between posets (P, <p)

TAn anti-isomorphism of posets F : (P,<p) — (Q, <
>q F(g) for all f,g € P.

and (@, <@) such that f <p g if and only if F(f)
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(I) A prime cone of A is a subset av C A satisfying the following properties:

(i) If a,b € a, then a + b € o and ab € a.
(ii) If a € A, then a® € a.
(iii) For all a € A, either a € a or —a € a.
(iv) —1 ¢ a.
(v) The set supp(a) :=anN—-a={a € A|a € aand —a € a}, called the
support of «, is a prime ideal of A.
(IT) The set
Sper(A) :={a C A| o is a prime cone of A}
is the real spectrum of A.
Remark 2.2.11. Let A be a ring and « € Sper(A). Then supp(«) is a real ideal of A,
that is, for all n € N and all ay,...,a, € A, >, a? € supp(«) implies a; € supp(«)
for all i € [n]. Indeed, pick ¢ € [n]. Since supp(«) is a prime ideal, it suffices to show

that a? € supp(a) = a N —a, and since a? € o by Definition 2.2.10 (I) (ii), it suffices

to show in turn that a? € —a, that is, —af € a. Since Y ., af € supp(«) C —a, one

has —a? — ... — a2 € «, therefore

—af:—a%—...—ai—i— Z a?Ga
i€[n]\{i}

by items (II) (i) and (II) (iii) in Definition 2.2.10, as required.
Proposition 2.2.12. Let A be a ring.

(i) Ifp is a prime ideal and < is a total order on A/p such that (A/p, <) is a totally
ordered ring, then the set {a € A| a/p > 0/p} is a prime cone of A.

(ii) The set
{(p,<) | p € Spec(A) and (A/p, <) is a totally ordered ring}

is in bijection with Sper(A): the bijection sends (p,<) to {a € A|a/p > 0/p},

and its inverse sends a € Sper(A) to (supp(a), <,), where

a/supp(a) <, b/supp(«) L p_aea.
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Proof. See [DST19, Proposition 13.1.4]. O
Proposition 2.2.13. Let A be a ring.

(i) The sets
H>%ay,...,a,) = {a € Sper(A) | —a; ¢ a for all i € [n]}

for all finite sequences ay,...,a, € A (n € N) form a basis of open sets for
a spectral topology on Sper(A) called the Harrison topology; equipped with this
topology, the quasi-compact open subsets of Sper(A) are exactly the finite unions

of sets of the form above.

(ii) If B is a ring and f : A — B is a ring homomorphism, then Sper(f) :
Sper(B) — Sper(A) defined by Sper(f)(a) := f~'(a) for a € Sper(B) is a

spectral map; in particular, Sper(—) : CRing — Spec is a functor.
Proof. See [DST19, Theorem 2.5.8]. O

The connection between the Zariski and the real spectrum of a ring is captured in

the following:

Proposition 2.2.14. Let A be a ring. The map supp(—) : Sper(A) — Spec(A) given
by a — supp(«) is spectral; moreover, supp is a natural transformation of functors

Sper — Spec.

Proof. See [DST19, Theorem 2.5.12. (ii)]. O

2.3 Real closed rings

The original construction of real closed rings given by Schwartz in [Sch89] assigns a ring
p(A, X) to every ring A and to every proconstructible subset X of the real spectrum
Sper(A) of A. The ring p(A, X) is the real closure of A on X, and it is a particular
subring of the product of real closed fields [],.y af(A/supp(c)), namely, p(A, X) is
the ring of compatible and constructible sections on X, see [Sch89, Definition 1.2.8].
An arbitrary ring A is then defined to be real closed if the canonical map a —
(a/supp(a))aesper(a) yields a ring isomorphism A — p(A, Sper(A)) (see [Sch89, Defi-

nition 1.4.1.]), therefore a ring is defined to be real closed if and only if it is canonically
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isomorphic to the ring of constructible and compatible sections on its real spectrum.

The following is an equivalent definition of real closed rings which can be found in

[Sch86] and [PS].
Definition 2.3.1. A ring A is a real closed ring if it satisfies the following conditions:

(i) A is reduced, that is, if a®> = 0 implies a = 0 for all @ € A (equivalently, the

intersection of all prime ideals is the zero ideal);

(i) the set of squares of A is the set of non-negative elements of a partial order <
on A and (A, <) is an f-ring, i.e., (A, <) is a partially ordered ring such that
for every a,b € A the supremum a V b and the infimum a A b exist in A, and

aANb=0and ¢ > 0imply (ca) Ab=0 for all a,b,c € A;
(iii) for all a,b € A, if 0 < a < b, then there exists ¢ € A such that bc = a?; and
(iv) qf(A/p) is a real closed field and A/p is integrally closed for all p € Spec(A).

It is clear from Definition 2.3.1 that a field is a real closed ring if and only if it is
a real closed field. Arbitrary convex subrings of real closed fields are also real closed
rings: these are precisely those real closed rings which are valuation rings (see Theorem
2.3.6), and their main algebraic and model-theoretic properties are summarized in

Subsection 2.3.1. Other examples of real closed rings include:

e For every ring A and every X C Sper(A), the real closure p(A, X) of A on X,
see [Sch89, Theorem 1.3.25].

e Rings C(X) of continuous real-valued functions on a topological space X, see

[Sch97, Theorem 1.2].

e Rings C;, (X) of continuous semi-algebraic functions X — R on a semi-

algebraic subset X C R™ over a real closed field R, see [Sch89, Section IIIL.1].

e Semi-algebraic function rings in the sense of Madden and Schwartz, see [SM99,

Section 7 and Example 12.15].

Many of the examples of real closed rings given above are rings of functions. Lemma

2.3.3 below shows how to regard every real closed ring as an actual ring of functions



CHAPTER 2. PRELIMINARIES 34

on its Zariski spectrum. Before proving that, the main properties of real closed rings
that will be made use of in the rest of this document are summarized in the following

theorem:

Theorem 2.3.2. (1) The category of real closed rings together with ring homomor-
phisms is complete and cocomplete; in particular, direct and fibre products of real

closed rings are real closed.
(IT) Let A be a real closed ring.

(i) If I C A is an ideal, then A/I is real closed if and only if I is radical.
(ii) If S C A is a multiplicative subset, then the localization S~ A is real closed.

(iii) The poset (Spec(A),C) is a root system, i.e., for all p € Spec(A), the

principal up-set p' := {q € Spec(A) | p C q} is a chain.
(iv) If I,J C A are radical ideals, then I + J is a radical ideal. In particular:

(a) Ifp,q € Spec(A) and 1 ¢ p+ q, then p+ q € Spec(A).
(b) The poset (I**4(A), C) of radical ideals of A is a distributive lattice
with join and meet operations given by sum and intersection of ideals,

respectively.

(IIT) If A and B are real closed rings, then any ring homomorphism f : A — B

preserves the order and the lattice operations V and A (see Definition 2.3.1 (ii)).

Proof. (I). By [SM99, Section 12|, the category of real closed rings is a monoreflective
subcategory of the category of reduced partially ordered rings; since the latter category
is complete and cocomplete by [SM99, Theorem 1.7], so is the category of real closed
rings by [SM99, Proposition 2.3] and [SM99, Proposition 2.7].

(IT). Item (i) is [Sch89, Chapter I, Theorem 4.5] and item (ii) is [SM99, Proposition
12.6]. Item (iii) follows from [DST19, Theorem 13.1.9 (iii)] together with the fact that
the support map Sper(A) — Spec(A) is a homeomorphism (see [Sch89, Chapter I,
Theorem 3.10] or [SM99, Proposition 12.4. (d)]), and (iv) is [Sch86, Corollary 15].
For (iv) (a), pick p,q € Spec(A) such that 1 ¢ p + q. Since p + q is a radical ideal,
p+qg=){r € Spec(4) | p+q C ¢}, and since 1 ¢ p+q, S := {v € Spec(4) |
p+qCrt} £ Ifry, g €8, then p C vy, vy, therefore vy and vy are comparable under
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subset inclusion by (iii); it follows that S is a chain in (Spec(A), C), therefore p +q =
MNeest € Spec(A). For (iv) (b) it remains to show that the lattice (Z*4(A), +,N) is
distributive, so pick I, J, K € Z'*(A); the inclusion (I NJ)+ (INK)CIN(J+ K)
is clear, and if a € I'N (J + K), then a = j + k for some j € J and k € K, therefore
a>=aj+ak e lJ+IK C(INJ)+ (INK),and since (INJ)+ (I NK) € I (A),
a€c (INJ)+ (INK) follows, as required.

(ITT). That f preserves the order is clear by Definition 2.3.1 (ii), and that f preserves

the lattice operations follows from [DM95, Lemma 2.2]. O

Lemma 2.3.3. Let A be a real closed ring. Then A is isomorphic (as a ring and as

a lattice) to an f-ring of functions Spec(A) — R for some real closed field R.

Proof. Since A is reduced, ﬂpeSpec( b = (0), therefore the canonical map A —
HpESpec(A) A/p given by a — (a/p)pespec(a) is injective. The canonical map A —
Hpespec( A) A/p is a ring homomorphism, and it preserves the lattice operations by
Theorem 2.3.2 (III) since []
Theorem 2.3.2. Since the ZP"m&_theory of real closed fields is complete and has

pespec(a) A/P 1s real closed by items (II) (i) and (I) in
quantifier elimination, this theory has the joint embedding property by [CK90, Propo-
sition 3.5.11], therefore® there exists a real closed field R such that qf(A/p) C R for
all p € Spec(A), and thus the composite map
A— I A= T afam) = T[] R=R>W
peSpec(A) pESpec(A) pESpec(A)

is a ring and a lattice isomorphism onto its image, as required. O

The next proposition can be seen as a special case of [DM95, Section 4]; there it
is shown that the lattice of quasi-compact open sets of the Brumfield spectrum of an

f-ring A is isomorphic to the lattice of principal radical £-ideals of A.

Proposition 2.3.4. Let A be a real closed ring. Then K(Spec(A)) = {V(a) | a € A}

and the map

K(Spec(A)) — 724 (A)

V(a) — +/(a)

8If a model complete theory T has the joint embedding property (such as the theory of real closed
fields), then an arbitrary collection of models {M;};c; of T can be jointly embedded into a model
M of T: M is constructed by transfinite recursion, and it is a model of 7" by the Elementary Chain
Theorem ([CK90, Theorem 3.1.9]).
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is an anti-isomorphism of bounded distributive lattices, where (I3 (A), C) is the lattice

of principal radical ideals with join and meet of \/(a1),~/(a2) € I (A) given by

(a1) ++/(a2) (= /(a3 +a3)) and \/(a1) N/(a2) (= /(a1 - as)) (respectively), and
top and bottom element given by /(1) and +/(0) (respectively).

Proof. Elements in K(Spec(A)) are of the form V(F) (see Notation 2.2.7), where
F C A is finite, say F' := {ay,...,a,}. Since A is real closed, it support map
Sper(A) — Spec(A) is a homeomorphism (see [Sch89, Chapter I, Theorem 3.10]
or [SM99, Proposition 12.4. (d)]), therefore every p € Spec(A) is supp(«) for a unique
a € Sper(A). In particular, every p € Spec(A) is a real ideal by Remark 2.2.11,
therefore (cf. [PS, p. 13])

V(F)=V({ar,...,an}) = {p | ai,...,a, €p}
={plal,....a; €p}
={plai+---+a}ep}
= V(@ +- - +ap), (+)

from which KC(Spec(A)) = {V(a) | a € A} follows. Note that (x) also implies that
Via) NV (b) = V({a,b}) = V(a* + V?) and that if F = {ay,...,a,}, then /(F) =
V(a3 4 - +a2) € It (A) by Proposition 2.2.9 (i), therefore by Proposition 2.2.9 it

suffices to show that the join operation on Zf*4(A) defined in Proposition 2.2.9 (ii) and
the join operation on Z™d (A) defined in the statement of this lemma coincide, that is,

prin

that
Ve + (@) 2 /(a2 +a3) 2 Vi) + (a2)

for all a;,as € A. The equality (1) follows from V' (a;) NV (as) = V(a? + a3) and from

the fact that the map in Proposition 2.2.9 is an anti-isomorphism. Since (ay), (ag) -

(a1) + (a2) it follows that \/ (a1), \/ (ag) C \/ (a1) 4 (az), therefore \/(ay) +
V(a1) + (az), but \/(a1) + /(az) is a radical ideal by Theorem 2.3.2 (II) (1V) and
it contains (a;) + (ag), therefore /(a1) + /(a2) = v/(a1) + (az) by minimality of

(a1) + (az). This concludes the proof. O
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2.3.1 Real closed valuation rings

Recall that a ring A is a valuation ring if A is a domain, and for all non-zero a,b €
qf(A), either a/b € A or b/a € A; a valuation ring A is non-trivial if A # qf(A).
Valuation rings are in particular local rings whose unique maximal ideal consists of
those elements which are not multiplicative units of the ring; all of this is contained

in [EP05)].

Definition 2.3.5. A ring A is a real closed valuation ring if A is a real closed ring

and a valuation ring.

Theorem 2.3.6. Let A be a ring. The following are equivalent:
(I) A is a real closed valuation ring.
(IT) qf(A) is a real closed field and A is convex in qf(A).

(III) qf(A) is a real closed field and A = {a € qf(A) | v(a) > 0}, where v : qf(A) —
I'U{oo} is an order-compatible valuation on qf(A), that is, v is a valuation on

qf(A) (see [EP05)) such that for all a,b € A, 0 < a < b implies v(b) < v(a) .
(IV) A is a valuation ring, and both qf(A) and A/m, is are real closed fields.

(V) A is a totally ordered domain which satisfies the intermediate value property for

polynomials in one variable.
(VI) A is a totally ordered domain which satisfies the following conditions:

(i) For alla,b € A, if 0 < a < b, then there exists c € A such that bc = a.
(ii) Ewvery positive element has a square root.

(iii) Every monic polynomial of odd degree has a root.

Proof. (I) = (II). It suffices to show that A is convex in qf(A), so pick a € A and
b € qf(A) such that 0 < b < a and assume for contradiction that b ¢ A; then b=' € A,
therefore 0 < 1 < ab~! in A implies that there exists ¢ € A such that ab~lc =12 =1
(Definition 2.3.1 (iii)), hence b = ac € A, a contradiction.

(II) < (IV). By [KS22, Proposition 2.2.4] and [{522, Theorem 2.5.1 (b)].
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(IV) = (I). Pick p € Spec(A). A is convex in qf(A) by the implication (IV) = (II),
therefore A, is also convex in qf(A); in particular, A,/pA, is a real closed field by the
implication (II) = (IV), therefore A/p is a valuation ring (hence integrally closed) of
the real closed field qf(A/p) = A, /pA,, and thus it remains to show that the condition
in item (iii) of Definition 2.3.1 is satisfied. Pick a,b € A such that 0 < a < b; then
0<a®/b<V?/b=1>b€ A, and since A is convex in qf(A), it follows that ¢ := a?/b € A
is such that be = a?, as required.

(II) & (III) & (V) < (VI) See [CD83, Theorem 1 and Lemma 4]. O

A particular class of real closed valuation rings are those valuation rings corre-

sponding to the canonical valuation of real closed Hahn series fields:

Definition 2.3.7. Let k be a field and I' be a totally ordered abelian group. Define
k((T)) := k((z")) to be the set of formal series a = Y a7 = > er @,x7 where
supp(a) := {y € I' | ay # 0} is a well-ordered subset of I".

Theorem 2.3.8. Let k be a field and I be a totally ordered abelian group.

(i) The set k((I')) endowed with the operations of pointwise addition and Cauchy

product of formal series

Z a, " + Z byl = Z(GV +b,)z”
and

(S} (Sh) = 3 5 (ot

Y€l d+e=y
respectively, is a field called Hahn series field.
(ii) The map v : k((T")) —» I'U {oo} given by v(a) := min(supp(a)) if a # 0 and
v(0) = oo is a valuation with residue field k; write k[[[]] := k((T'=°)) for its

corresponding valuation ring.

(iii) If k is a totally ordered field, then k((I')) has the structure of a totally ordered
field by setting a > 0 if and only if a,) > 0 for all a € k((I")); under this total

order, v is an order-compatible valuation on k((I')).

(iv) k((T") is a real closed field if and only if k is real closed and T' is divisible; in
particular, k[[I']] is a real closed valuation ring if and only if k is real closed and

I' is divisible.
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Proof. Folklore, see for instance [FP05, Exercise 3.5.6], [ADHI17, Section 3.5], or
[DW96, Section 2]; the last statement in (iv) follows from the equivalence (I) < (III)
in Theorem 2.3.6. [

It is well known that if V' is a non-trivial real closed valuation ring, then there exists
a local embedding” V —— Kk[[T']], where k := V/my and T := ¢f(V)*/V* ([Pri&3, 62,
Satz 21] and Theorem A .4), and k[[I']] is a real closed valuation ring by the implication
(I) = (IV) in Theorem 2.3.6; in fact, one can do slightly better:

Proposition 2.3.9. Let V C W be a local embedding of non-trivial real closed valua-
tion rings, and set k:=V/my, L:= W/my, I' .= qf(V)*/V*, and A := qf(W)* JW*,
noting that V. C W induces a canonical embedding K[[[']] C [[A]]. There exist
local embeddings of non-trivial real closed valuation rings ey = V. —— K[[I']] and

Ew - W e—s lHAH such that EWIV = €V.

Proof. Immediate from Theorem A.5, since V. C W being a local embedding implies

that (qf(V'), V) C (qf(W), W) is an embedding of real closed valued fields. O

Lemma 2.3.10. Let V' be a non-trivial real closed valuation ring, X : V — V/my =:
k be the residue map, B C k be a subring. The ring A := \"Y(B) C V is a real closed

valuation ring if and only of B is a real closed valuation ring.

Proof. Straightforward from Theorem 2.3.2 (I) and the equivalence (I) < (II) in The-

orem 2.3.6, using also the fact that ) is an order-preserving map and that A\71(B) =
V x B. ]

This subsection concludes with some model-theoretic facts about real closed valu-
ation rings which will be needed for Chapters 3 and 4. For what follows, recall that
Lring = L4 — . 0,1} is the language of rings.

Lemma 2.3.11. IfV and W are valuation rings such that V. C W, then V. C W as
L8 (m)-structures if and only if V.C W as Z£"™8(div)-structures, where m is a unary
predicate interpreted as the maximal ideal and div is a binary predicate interpreted as

the divisibility relation.

9Recall that an embedding f : A < B of local rings is said to be local if f~1(mp) = m4, where
my4 and mp are the unique maximal ideals of A and B, respectively.



CHAPTER 2. PRELIMINARIES 40

Proof. If V.C W as £™8(div)-structures and a € my, then V' | —div(a, 1), hence
W [ —div(a,1) and thus V N my = my. Suppose now that V' C W as £""8(m)-
structures and let a,b € V' be such that W = div(a,b), so that there exists ¢ € W
such that ac = b, and assume for contradiction that V' |= —div(a, b); in particular, b # 0
and ¢ ¢ V. Since V' is a valuation ring, V |= div(b, a), therefore there exists d € V
such that bd = a; in particular, ac = bdc = b, hence b(1 — dc) = 0, therefore 1 = dc

and thus c ! =d €V, s0 ¢! € my = my NV, a contradiction to ¢,c™t € W. O

Remark 2.3.12. The proof of Lemma 2.3.11 also shows that if A and B are local rings
such that A C B as Z""8(div)-structures, then A C B as .£""8(m)-structures, i.e.,
A C B is a local embedding.

In [CD83] the model theory of non-trivial real closed rings is studied in the lan-
guages £""8(<) and £"8(<, div); in particular, since the class of non-trivial real
closed valuation rings is elementary in the language .£""8(<) and the total order
x < y in structures of this class is defined by the existential formula 3z[z = (y — z)?]
(Theorem 2.3.6), the class of non-trivial real closed valuation rings is also elementary

in the language of rings.

Proposition 2.3.13. Let RCVR be the L5 -theory of non-trivial real closed valuation

rings, and p and m be unary predicate symbols.

(i) Define RCVR(m) to be the £™"&(m)-theory RCVR together with the sentence ex-
pressing that m is the set of non-units. Then RCVR(m) is complete, model com-

plete and decidable.

(ii) Define RCVR(b,m) to be the £""8(b,m)-theory RCVR(m) together with the sen-
tence expressing that b is a non-zero prime ideal properly contained in m. Then

RCVR(b,m) is complete and model complete.

Proof. (i) follows from [CD83, Theorems 4A and 4B]| together with Lemma 2.3.11;
(ii) follows from [Tre09, Corollary 6.3], since every model (V) b, my) = RCVR(b,m) is
definable in (qf(V),V, V4) = RCFconvex,2- O

Lemma 2.3.14. Let V; and V5 be non-trivial real closed valuation rings regarded as
Lring(< m)-structures, where < is a binary predicate interpreted as the total order

relation and m is a unary predicate interpreted as the mazximal ideal. If A is a totally



CHAPTER 2. PRELIMINARIES 41

ordered valuation ring such that A C Vy, Vs, as £"M8(<, m)-structures, then there exists
a non-trivial real closed valuation ring W which amalgamates Vi and Vy over A as

Le( < m)-structures.

Proof. By Lemma 2.3.11, A C Vi,V as £""8(<, div)-structures, therefore by the
Cherlin-Dickmann theorem [CD83, Section 2] and [CK90, Proposition 3.5.19] there
exists a non-trivial real closed valuation ring W amalgamating V; and V5 over A as

£ring (< div)-structures; conclude by appealing to Lemma 2.3.11 again. ]

2.3.2 The ring of germs at a half-branch of a curve

This subsection gives a detailed description of a particular real closed valuation ring
Opg which arises naturally in semi-algebraic geometry as the ring of germs of continuous
semi-algebraic functions X — R at a half-branch ( of a semi-algebraic curve X over
a real closed field R.

Definition 2.3.15 gives an alternate description of the ring Op, and this is followed
by the identification of Og with the ring of germs of continuous semi-algebraic functions
[0,1] — R at 0", see Lemma 2.3.18. The subsection then continues with an analysis
of half-branches of semi-algebraic curves over real closed fields (Definition 2.3.19 -
Lemma 2.3.31), and it concludes showing in Proposition 2.3.35 that the definition of

the ring Og given in Definition 2.3.15 coincides with that in title of this subsection.
Throughout this subsection, R is a real closed field.

Any topological notions about a subset X C R™ are always taken to be phrased
with respect to the topology on X induced by the Euclidean topology on R™ ([BCR9S,
Definition 2.1.9]).

Definition 2.3.15. Let R(t) be the real closure of the function field R(t) totally
ordered by setting ¢ to be a positive infinitesimal with respect to R. Define Og to be
the convex hull of R in R(t), that is

Ogr:={s € R(t) | Ir € R such that 0 < s <r}.

Opg is a non-trivial real closed valuation ring by the implication (II) = (I) in

Theorem 2.3.6. Its maximal ideal m := mp,, consists of those elements of R(t) which



CHAPTER 2. PRELIMINARIES 42

are infinitesimal with respect to R and Or = R @ m as abelian groups; in particular,
the map R — Opr/m given by r +— r/m is an isomorphism of real closed fields, see
[DL95, Remark 2.11]

Before identifying O with the ring of germs of continuous semi-algebraic functions
[0,1] — R at 0" in Lemma 2.3.18, a model theoretic fact (Lemma 2.3.16) and a semi-

algebraic result (Theorem 2.3.17) are needed.

Lemma 2.3.16. Let R(t) be as in Definition 2.3.15, and let p(x) be any LP°""$(R)-

formula. The following are equivalent:

(i) There exists € € R with € > 0 such that [0,e]gr C p(R) :={re€ R| R} ¢(r)}.

(i) R(t) E o(t), that is, p(z) € tp(t/R).

Proof. (i) = (ii). Item (i) is equivalent to the statement that R | Vz(0 < x < & —
@(x)), from which (ii) follows.
(ii) = (i). It suffices to show that

RE=Jyve[(y>0mM0<z<y)— ¢(x). (%)
Assume for contradiction that (x) does not hold. Then the set of .£P°""¢( R)-formulas
Y()={(r>0M0<zx<r)N-pz)|reR}

is finitely consistent, therefore by (model-theoretic) compactness 3(z) has a realization
s in an elementary extension S > R. In particular, s and ¢ determine the same cut in
R, therefore tp(t/R) = tp(s/R) by o-minimality (see [PS86, Theorem 3.3]), and thus
S | p(s) by (ii), yielding the required contradiction. O

Theorem 2.3.17 (Semi-algebraic Tietze extension theorem). Let R be a real closed
field. Let D be a locally closed" semi-algebraic set in R™ and C C D be semi-algebraic
and closed in D. If f : C' — R is a continuous semi-algebraic function, then there

exists a continuous semi-algebraic function f: D — R such that ﬁc = f.

Proof. See [BCR98, Proposition 2.6.9] or [Dri98, Chapter 8, Corollary 3.10]. ]

10 A semi-algebraic set is locally closed if it is the intersection of a closed semi-algebraic set and an
open semi-algebraic set.
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Lemma 2.3.18. Let R be a real closed field. Consider the composite R-algebra homo-

morphism

D : Cs.a.([o, 1]R) — Cs.a.([07 1]3(2&)) I R<t>

I —  frp — fru (1),
where:
(i) [0,1]g is the unit interval in R, and similarly for [0, 1] pu,

(i) Csa.([0,1])R) is the ring of continuous semi-algebraic functions [0,1]r — R, and

similarly for Csa ([0, 1] ru ).

(iil) fre is the function [0,1)pyy — R(t) defined by the same £P""8(R)-formula
which defines f € Cya.([0,1]R).

Then im(®) = Og, ker(®) = {f € C;a([0,1]g) | Je > 0 such that fi = 0}, and
O(f)/m= f(0)/m for all f € Cs,([0,1]r).

Proof. Pick f € Cs.,.([0,1]g) such that ®(f) > 0. By [BCRIS8, Proposition 2.6.2] there
exists a polynomial p(z) € R[x] such that |f(z)| < p(z) for all x € [0, 1]g, therefore
also | fruy(x)| < p(z) for all x € [0, 1]gyy. Since p(t) € Og, it follows from convexity
of O in R(t) that fru(t) = ®(f) € Og, therefore im(®) C Ok.

To show that O C im(®), pick s € O and assume without loss of generality
that s > 0. By standard arguments, the real closed field R(t) is exactly the definable
closure of RU{t} in R(t), therefore there exists a semi-algebraic function g : R — R
such that gry)(t) = s, see for example [DL95, Sections 2 and 3| and the references
therein. By the Monotonicity theorem (see [Dri98, Chapter 3, Section 1]), there ex-
ist ay,...,a,, € R such that a; < --- < a,, and g is continuous on each interval
(—00,a1), ..., (a;,ai11), ..., (am,o0). There are two possible cases:

Case 1: 0 # a; for all i € [m]. Then 0 belongs to an open interval on which g is
continuous, from which it follows that there exists € > 0 such that g is continuous on
[0,e]. By Theorem 2.3.17 there exists f € Cs.a.([0,1]r) such that fip = g0,q, and
(f) = fru(t) = gr(t) = s for such f.

Case 2: There exists @ € [m] such that 0 = a;. By choice of s, there exists r € R

such that ¢g(t) = s < r, therefore by Lemma 2.3.16 there exists € > 0 such that g is
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R-bounded on [0,¢] = [a;,¢]. In particular, lim, o+ g(z) exists in R, and assuming
without loss of generality that € € (a;,a;+1), it follows that g is continuous on [0, £].
As in Case 1, any f € Cs..([0, 1]g) extending g0, satisfies ®(f) = s.

The fact that ker(®) = {f € Cs..([0,1]z) | J= > 0 such that fij = 0} follows
easily from Lemma 2.3.16. Finally, pick f € Cs..([0,1]). By choice of ¢, the extension
of real closed fields R C R(t) is tame in the sense of [DL95], therefore every s € O
has a standard part, that is, a unique element st(s) € R such that |s — st(s)| < ¢
for all e € R with ¢ > 0. In fact, st(s) € R is the unique element in R such that
st(s)/m = s/m (see [DLI5, Remark 2.11}), therefore since ®(f) € Op it follows that

D(f)/m = Fagy(t)/m = st(fr (D) /m 2 F(s6(t))/m = £(0)/m

~

where (x) is by the non-standard characterization of continuity, see for instance [D1.95,

Lemma 1.13]. O

Definition 2.3.19. A (semi-algebraic) curve is a 1-dimensional semi-algebraic subset

X C R™ without isolated points.

Example 2.3.20. (i) Every (affine) real algebraic curve (that is, a 1-dimensional
algebraic subset of R™ for some m € N) without isolated points'' is a semi-

algebraic curve, for instance, the set of solutions in R? of the equation
2’420 -y =0

is a real algebraic curve:

1Tn general, real algebraic curves can have isolated points: for example, the set of solutions in R?
of the equation z2 + y? — 2% = 0 is a real algebraic curve having (0,0) as unique isolated point.
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(ii) Not every semi-algebraic curve is a real algebraic curve. For example, let f :
R — R be the function given by f(z) := —z and let I'(f) C R? be its graph;
the set X :=T(f) U {(z,y) € R? |z > 0 and x = y} a semi-algebraic curve:

Then X is not a real algebraic curve since the number of half-branches (Definition
2.3.26) of a real algebraic curve at a point is always even ([BCR98, Theorem

9.5.7]) and X has exactly three half-branches at (0,0) € X.

Intuitively, a half-branch of a semi-algebraic curve X at a point a € X captures
a direction from which one can get arbitrarily close to a within X; for instance, the
real algebraic curve in Example 2.3.20 (i) has exactly four half-branches at (0,0), and
every point in X := R has exactly two half-branches. Half-branches are formally
defined as being a particular kind of germs of semi-algebraic sets (Definition 2.3.21),

see Definition 2.3.26 as well as Lemma 2.3.28.
Throughout the rest of this subsection, X C R™ is a semi-algebraic curve.

Definition 2.3.21. Let Y;,Y5 C X be semi-algebraic and let a € X. Say that Y;
and Yy have the same germ at a if there exists a semi-algebraic neighbourhood U of
a such that Y7 NU = Y, N U. This defines an equivalence relation on the set of semi-
algebraic subsets of X. A germ (of semi-algebraic subsets) v of X (centred) at a is an

equivalence class of semi-algebraic subsets Y C X which have the same germ at a.
Example 2.3.22. Let a € X.

(i) The set of all Y C X semi-algebraic such that a is isolated in Y is a germ of X

at a.
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(ii) The set of all Y C X semi-algebraic such that a ¢ clx(Y) is a germ of X at a,
where clx(Y) is the closure of Y in X.

(iii) If v is a germ of X at a, then either a € Y for all Y € vy or a ¢ Y for all
Y € ~. In particular, if 7 satisfies the property that a ¢ Y for all Y € v, then
v ={Y U{a} | Y € v} is a germ of X at @ distinct from . For instance, if
X = R and a := 0, then the intervals (0,1),[0,1) C X are representatives of

two distinct germs of X at a.

Definition 2.3.23. A germ of X at a is non-degenerate if it is neither of the germs

described in items (i) and (ii) in Example 2.3.22.

Lemma 2.3.24. A germ v of X at a is non-degenerate if and only if for all'Y € ~
and all semi-algebraic neighbourhoods U of a, intx (Y NU) # @, where int(Y NU) is
the interior of Y NU in X.

Proof. Suppose first that v is non-degenerate. Let Y € v and let U be a semi-algebraic

neighbourhood of a; then exactly one of the following cases holds:

(i) a € Y. In this case intx (Y NU’) # @ for any open semi-algebraic neighbourhood
U’ C X of a; otherwise, by o-minimality, intx (Y N U’) = @ implies that Y N U’
is a finite set of points such that a € Y N U’, thus yielding the existence of
an open neighbourhood U” C U’ of a with {a} = Y N U”, a contradiction
to v being non-degenerate. Since U is a semi-algebraic neighbourhood of a,
there exists an open semi-algebraic subset U’ C U such that a € U’, therefore

@ #intx(YNU') Cintx(Y NU), as required.

(i) @ € clx(Y)\ Y. In this case a ¢ Y NU and a € 0x(Y), where 0x(Y) is the
boundary of Y in X. Assume for contradiction that intx (Y NU) = &; then YNU
is a finite set of points by o-minimality, therefore there exists a semi-algebraic
neighbourhood U’ of a such that U’ C U and Y N U’ = @, a contradiction to
a€ ox(Y).

Conversely let Y € ~; it will be shown that the condition in the lemma is not satisfied

if 7y is one of the germs in items (i) and (ii) in Example 2.3.22:
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(i) a € Y and a is isolated in Y. In this case there exists an open neighbourhood U
of a such that Y NU = {a}, and since X has no isolated points, {a} is not open
in X, therefore intx (Y NU) = @.

(ii) a ¢ cl(Y). In this case a € intx(X \ Y), therefore there exists an open neigh-
bourhood U of a such that Y N U = @, and thus intx (Y NU) = @. O

Recall from [BCROS, Definition 2.4.2] or [Dri98, p. 19, Definition 3.5] that Y C X
is semi-algebraically connected if for all disjoint semi-algebraic subsets Y, Yy C Y
which are closed in Y, if Y = Y] UY5, then either Y = Y] or Y = Y5; in particular,
Y := & is semi-algebraically connected. Moreover, Y is semi-algebraically connected
if and only if Y is semi-algebraically path connected, see [BCRI8, Proposition 2.5.13];

in fact:

Remark 2.3.25. Let Y C X be semi-algebraic with non-empty interior; then ¥ C X is
semi-algebraically connected if and only if Y is semi-algebraically arc-connected, that
is, if and only if for all distinct a,b € Y there exists a continuous semi-algebraic map
o :[0,1] — X such that ¢(0) = a and o(1) = b which is a homeomorphism onto
its image. This actually holds for any Y with non-empty interior which is definable
and definably connected in an o-minimal expansion of an abelian o-group: one can
easily check that the proof of [Dri98, Chapter 6, Proposition 3.2] can be used mutatis
mutandis to show that any two distinct points in such Y can be connected by an
injective definable path, and such a path is a homeomorphism onto its image by

[Dri98, Chapter 6, Corollary 1.12].

Definition 2.3.26. A half-branch of X (centred) at a is a non-degenerate germ /3 of X
at a such that for any Y € 3, a € Y and there exists a semi-algebraic neighbourhood
U of a such that Y N (U \ {a}) is semi-algebraically connected. A half-branch of X is

a half-branch of X at a for some a € X.

Remark 2.3.27. (i) The condition that a € Y for all Y € § in Definition 2.3.26
is needed to avoid “double counting” of half-branches: if this condition were
not included, then (0,1) and [0, 1) would be representatives of two distinct half-
branches of X := R at a := 0, see Example 2.3.22 (iii). Note also that by
Example 2.3.22 (iii) one could replace the condition that a € Y for all Y € § in
Definition 2.3.26 by a ¢ Y for all Y € 5 in order to define what a half-branch is.
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(ii) In [Phil5, Definition 2.3.1.2], neither the non-degeneracy condition nor the con-
dition discussed in item (i) above is included in Phillips’ definition of a branch.
Every half-branch in the sense of Definition 2.3.26 is a branch in the sense of
Phillips, but the converse is not true: in particular, the germ in Example 2.3.22
(i) is a branch in the sense of Phillips, and (0,1) and [0, 1) are representatives of

two distinct branches of X := R at a := 0 in the sense of Phillips.

(iii) If X is furthermore a real algebraic curve, then it follows from Example 2.3.22 (iii)
that half-branches # of X at a in the sense of Definition 2.3.26 are in bijective
correspondence with half-branches of X centred at a in the sense of [BCRIS,
Definition 9.5.2]; in particular a germ «y of X at a is a half-branch in the sense of
Definition 2.3.26 if and only if {Y \ {a} | Y € 4} is a half-branch of X centred
at a in the sense of [BCRI8, Definition 9.5.2].

Lemma 2.3.28 (cf. Proposition 9.5.1 in [BCRI8]). A germ v of X at a is a half-
branch if and only if for every C' € v there exists Y € v with Y C C together with a
semi-algebraic homeomorphism o : [0,1)g — Y such that 0(0) = a, where [0,1]g is

the closed unit interval in R.

Proof. Suppose first that v is a half-branch and let C' € ~. Pick a semi-algebraic
neighbourhood U of a such that C' N (U \ {a}) is semi-algebraically connected; then
Y .= CnNU € v is a semi-algebraically path connected semi-algebraic subset of
X with non-empty interior (Lemma 2.3.24), therefore, by replacing U with a semi-
algebraic neighbourhood U’ of a such that U’ C U if necessary, Y is semi-algebraically
homeomorphic to [0, 1] via a map o as in the statement of the lemma. The converse

is straightforward from the definition of half-branch. O

Definition 2.3.29. (i) A curve interval C' of X at a is a semi-algebraic subset
C' C X for which there exists a semi-algebraic homeomorphism o : [0,1] — C
such that o(0) = a; a curve interval of X is a curve interval of X at a for some

a€ X.

(ii) Let 5 be a half-branch of X at a. A semi-algebraic subset C' C X is a curve
interval of B if C is a curve interval at a such that C' € 5 (such C always exists

by Lemma 2.3.28).
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Example 2.3.30. Let a € X and suppose that X has n € N half-branches ; of X at
a. For each ¢ > 0, let B.(a) be the closed ball in X of radius ¢ around a. Then for
small enough & > 0, the set B.(a)\ {a} has n semi-algebraically connected components

U, and each clx(U) = U U {a} is a curve interval of some half-branch ;.

Lemma 2.3.31. Let C' C X be closed and semi-algebraic. The following are equiva-

lent:
(i) C is a curve interval (i.e., C is semi-algebraically homeomorphic to [0, 1]).

(ii) C is semi-algebraically connected and there exist distinct a,b € C such that C
is minimal (under subset inclusion) amongst closed, semi-algebraic, and semi-

algebraically connected D C X with a,b € D.

Proof. The proof of the implication (i) = (ii) is straightforward, so suppose that
(ii) holds and let a,b € C witness this; since a,b € C are distinct and C' is semi-
algebraically connected, C' must have non-empty interior, therefore by Remark 2.3.25
there exists a semi-algebraic map o : [0,1] — C such that ¢(0) = a and o(1) = b
which is a homeomorphism onto its image; such ¢ is surjective by the minimality

condition on C' and by [Dri98, Chapter 6, Corollary 1.12], therefore (i) follows. H

Definition 2.3.32. Let a € X. The branching degree of a is the number of half-

branches of X at a.

Note that by o-minimality the branching degree of each a € X is finite, and since
it is assumed that X does not have any isolated points, each a € X has branching
degree at least 1.

To every half-branch g of X one can associate two objects:
Definition 2.3.33. Let 3 be a half-branch of X. Define
Pg = {f S Os‘a.(X) | Y e 6 such that f[y = 0}

and

fs :=4{C C X | C is closed and semi-algebraic, and C' € /}.

Clearly pg is an in ideal of C, (X)), and the elements in Cs, (X)/ps are the germs
of functions in Cs, (X) at the half-branch §. The relationship between pg, fs and Og
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is given in Proposition 2.3.35. First is needed an equivalent description of the lattice

of closed and semi-algebraic subsets of X:

Lemma 2.3.34. For each f € Cs,(X), let {f =0} :={x € X | f(x) = 0} be its
zero set. The set Ly := {{f =0} | f € Cs..(X)} is ezxactly the laltice of closed and

semi-algebraic subsets of X.

Proof. This follows from the fact that any closed and semi-algebraic S C R™ is the
zero set of its distance function, which is continuous and semi-algebraic, see [BCRIS,
Proposition 2.2.8]. Let C' C X closed and semi-algebraic; the proof that follows shows
an alternative construction of an f € Cs, (X) such that C' = {f = 0}. Consider the
following cases:

Case 1: 0x(C') = @. In this case C is clopen in X (see for example [Men62, p 103,
Exercise 7)), therefore the map f : X — R given by f(z) :==0ifz € C and f(x) :=1
if z € X \ C is continuous and semi-algebraic, and C' = {f = 0}.

Case 2: 0x(C') # @. By o-minimality and since X is 1-dimensional, 0x(C) :=
{ai,...,ay} for some n € N. For each i € [m], let B;1,..., Bin, be all the half-branches
of X at a;, where n; is the branching degree of a;. Choose ¢ > 0 small enough such

that for each i € [m] the following conditions hold:

1. For all i € [m], the set B.(a;) \ {a;} (see Example 2.3.30) has n; connected
components Ujy, ..., Uy, and Cj; := clx(U;;) = U;; U {a;} is a curve interval of

B for all j € [n;].
2. Cij, NCyj, ={a;} for all ¢ € [m] and all j1, jo € [n;] with j; # jo.
3. Ciyjy N Chyj, = @ for all 4y,iy € [m] such that 4; # iy and all j; € [n;] and
J2 € [ni,)-
4. For all i € [m] and all j € [n;], either C;; C C or C;; N C = {a;}.
For each ¢ € [m] and each j € [ny], let 0;; : [0,1]g — C;; be a semi-algebraic

homeomorphism such that ¢;;(0) = a;. Let D :=CU Uie[m] U icin] C;; and define the
map D — R by

0 iteeC
fo(l') =
ot (z) ifxreCyand CyNC ={a;}.

v
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fo is a well-defined continuous semi-algebraic function D — R and f(b) = 1 for
every b € Ox(D) by construction. In particular, the map f : X — R defined by
f(z) = fo(x) if 2 € D and f(z) := 1if © € clx(X \ D) is continuous and semi-
algebraic, and C' = {f = 0} by construction, as required. ]

Proposition 2.3.35. Let 8 be a half-branch of X centred at a € X.

(1) ps is a prime ideal of A and the ring of germs Cs. (X)/pp is canonically iso-
morphic to Og (see Definition 2.3.15). In particular, let C' be any curve interval
of B; then pg = ker(F¢), where Fe is the composite R-algebra homomorphism

FC’ : Cs.a. (X) I Cs.a.(C> e Cs.a.([07 1]R> - OR
f o fic = ficoo = ®(ficoo),

o :10,1]r — C is any semi-algebraic homeomorphism such that o(0) = a, and

D : Csa.([0,1]g) —> Og is the ring homomorphism defined in Lemma 2.3.18.

(ii) Let [—]p : Csa(X) —> Og be the canonical surjection of item (i), that is,

[fls = f/ps = ®(fico0)

for any curve interval C of 5 and any semi-algebraic homeomorphism o : [0, 1]
— C such that 0(0) = a. Then [f]g/m = f(a)/m for every f € Cs.(X). In

particular, the following are equivalent for all f,g € Csa.(X), where Z is either

= or <:

(2) [fls/m < [g]s/m.

(iii) fz s a prime filter in the lattice Lx = {{f = 0} | f € Csa.(X)} of closed

semi-algebraic subsets of X (see Lemma 2.3.34).

(iv) Let f,g € Csal(X) and set {f T g} ={x € X | f(2)

= or <. The following are equivalent:

g(x)}, where Z is either

IN

(b) {f < g} €fs
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(¢) There ezists a curve interval C' of 5 such that C C {f

g}

INI

Proof. (i). It suffices to show that ps = ker(F¢), where C is any curve interval of

and F¢ is defined as in item (i). For one inclusion one has

ker(Feo) = {f € Csa(X) | CI)(f{C oo) =0}
={feCa(X)| ficoo € ker(®)}
0 {f € Csa(X) | 3 > 0 such that (fic 0 0)p, = 0}

= {f € Csa.(X) | Je > 0 such that fi,(o.) = 0}

(2)

C ps,
where (1) follows by Lemma 2.3.18 and (2) follows since o([0,¢]) € 5. For the other
inclusion, pick f € Cs, (X) and Y € § such that fiy = 0. Then CNY € 3, therefore
by Lemma 2.3.28 there exists a curve interval Y’ of 8 such that Y/ C Y N C; such
curve interval Y’ is of the form o([0,¢’]) for some ¢’ € (0,¢), therefore f € ker(F¢)
follows by the chain of equalities above.

(ii). Let f,C, and o be as in item (ii). Then [f]g/m = ®(fic 0o 0)/m = (fic o
0)(0)/m = f(c(0))/m = f(a)/m by Lemma 2.3.18. The equivalence of (ii) (a) and (ii)
(b) follows thus immediately from the fact that r — r/m is an isomorphism of real
closed fields R — Og/m, see the discussion after Definition 2.3.15.

(iii). That fs is a filter in Ly is clear by the definition of half-branch given in
Definition 2.3.26. To show that fs is prime, suppose that C'U D € §g, so that there
exist f,g € Csa(X)suchthat C = {f =0}, D ={g=0},and CUD = {fg =0} € .
By Lemma 2.3.28, there exists a curve interval Y of 5 such that Y C {fg = 0}, that
is, such that (fg);y = 0, therefore fg € ps. It follows by (i) that either f € pg or
g € pg, therefore either there exists Y; € § with ¥; C {f =0} = C (and thus C € 3),
or there exists Y € § with Y5 C {g = 0} = D (and thus D € j).

(iv). The equivalence of (b) and (c) is clear by Lemma 2.3.28, so it suffices to prove

the equivalence of (a) and (c¢). Note also that for all f, g € Cy. (X)),

fs < lgls < min{[fls, [als} = [F1s = [F A gls = [F)s,

where A is the meet operation in the real closed ring Cs., (X) (more precisely, f A g €

Cs.a.(X) is given by (f Ag)(x) := min{ f(x), g(z)}) and (x) follows from Theorem 2.3.2
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(III), therefore it suffices to consider the case where T is =. Then
[fls=lgls == [f—9ls =0 <= f—gecps < IV € Fsuchthat Y C{f =g},

and the statement on the right hand side of the equivalences is in turn equivalent to

(c) by Lemma 2.3.28, concluding thus the proof. O

Example 2.3.36. Each a € X := R has exactly two half-branches, denoted by a~
and a™. The sets [a — 1,a] and [a,a + 1] are curve intervals of a~ and a™, respectively,
therefore p,- := {f € Csa(R) | 3e € (0,1) such that fi,—cq = 0} and p,+ = {f €
Csa(R) | 3¢ € (0,1) such that fiqq4e = 0} by Proposition 2.3.35 (i), and if m, :=
{f € Csa(R) | f(a) =0}, then m,/p,+ is the maximal ideal m in Or = Cy, (R)/pa+
by Proposition 2.3.35 (ii).

Corollary 2.3.37. Let a € X and let 5y, ..., 0B, be all the half-branches of X at a.
The ring of germs of Cs,.(X) at a (that is, the localization of Cs, (X) at the mazimal
ideal m, := {f € Cs.(X) | f(a) = 0}) is canonically isomorphic to the n-fold fibre
product

(Os.a.(X)/p,Bl XR Cs.a.(X)/pﬁz) XR--- ) XR Cs.a.(X)/pﬁn)' (*)

Proof. Consider the canonical map Cs, (X)m, — [[io; Csa.(X)/ps, sending each
germ of a function f € Cy, (X) at a to the tuple in [}, Cs...(X)/ps, whose coordinates
are the germs of f at each of the half-branches 8; of X at a. This map is an injective

ring homomorphism with image (x). [

2.4 Lattice-ordered abelian groups

In this section the theory of lattice-ordered abelian groups (¢-groups for short) is pre-
sented as needed in order to develop the model-theoretic machinery on which Chapter 3
builds upon, namely the two-sorted model-theoretic analysis of lattice-ordered abelian
groups of functions as developed by Shen and Weispfenning in [SW87a], see Subsection
2.4.3. In particular, the focus in Subsections 2.4.1 and 2.4.2 is to give functional repre-
sentations of arbitrary lattice-ordered abelian groups (see Corollary 2.4.7) and to relate
these functional representations with some basic structural properties of /-groups in

order to analyze their model-theory via the Shen-Weispfenning theorem.
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Standard references for the theory of ¢-groups are [Dar95], [BKW77], and [AF8S].
The material present in this section, and in particular that in Subsection 2.4.3, follows

largely the exposition given in [Tre22] and [Tre].

2.4.1 Preliminaries on /-groups

Definition 2.4.1. (i) A lattice-ordered abelian group (abbreviated as ¢-group) is an
abelian group (G, +, —,0) together with a partial order < such that (G, <) is a
lattice and such that

f<9g = f+h<g+h

for all f,g,h € G. An o-group is an ¢-group which is totally ordered.

(ii) A function f: G — H between (-groups G and H is an (-homomorphism if it
is both a group homomorphism and a lattice homomorphism; if f is moreover

injective it is an £-group embedding.
(iii) Write (-Gp for the category of ¢-groups together with /-homomorphisms.

Direct products of o-groups are ¢-groups under componentwise group and lattice
operations, therefore the set of all functions X — N from a non-empty set X to an
o-group N is an (-group; in fact, every f-group is isomorphic to an ¢-subgroup of such
(-group of functions, see Corollary 2.4.7. Note also that Note that the additive group

of any real closed ring (Definition 2.3.1) is an ¢-group.
Throughout the remaining part of this subsection, G is an /-group.

Definition 2.4.2. (i) An (-ideal I C G is a convex ¢-subgroup of G. If S C G is a

non-empty set, define
0(S) = ﬂ{[ C G |Iisan f-ideal and S C I}

to be (-ideal generated by S. If S = {f} for some f € G, set ((f) :==(({f}); ¢-
ideals of the form ¢(f) for some f € G are principal (-ideals. Write Prin-¢-1d(G)
for the set of all principal ¢-ideals of G.

(ii) A prime (-ideal is an (-ideal p C G such that for all f,g € G,if 0 < f A g and
fAg€eG, then f € Gorge G. Write (-Spec(G) for the set of all prime ¢-ideals
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of G, so in particular G € (-Spec(G); this slightly strays away from the standard

definition of a prime ideal of an ¢-group, which assumes p # G.

Lemma 2.4.3. (i) The (-ideals of G are exactly the kernels of {-group homomor-
phisms G — H onto (-groups H, and prime (-ideals are exactly the kernels of

(-group homomorphisms G — N onto o-groups N.

(i) If f € G, then ¢(f) = {g € G | In € N such that |g| < n|f|} and ((f) = L(|f]),
where |f| := fV —f is the absolute value of f. Moreover,

((f)+g) = LfIV 1gl) and €(f) N €(g) = L(IfI A lgl);

in particular, Prin-¢-1d(G) U {G} is a bounded and distributive lattice under
subset inclusion, with join and meet operations given by sum and intersection

(respectively), with bottom element {0}, and with top element G.

Proof. Ttem (i) is [BKW77, Corollaire 2.3.7 and Proposition 2.4.3], and the first part of
item (ii) is [BKW77, Corollaire 2.2.4]. For the second part of item (ii), note first that
|f] >0 for all f € G (see [BKWT7, p. 23]), therefore since £(f) = £(|f|) it suffices to
show that ¢(f)+£(g) = £(fVg) and £(f)Nl(g) = €(fAg) for f,g € G such that 0 < f, g.
If f,g € G aresuch that 0 < f, g, then £(f)Nl(g) = £(fAg) and £(fVg) = L(L(f)UL(g))
by [BKW77, Proposition 2.2.10] (or [AF88, Proposition 1.2.3]), and it will be shown
that that £(¢(f) U €(g)) = €(f) + £(g). Clearly ¢(f) + €(g) C £(¢(f) U €(g)), and if
a € L(l(f)Ul(g)), then a™,a™ € L(L(f)UL(g)), where at :=aV 0 and a™ := —a V 0;
since a = at — a~ (see [BKW77, p. 22]), it suffices to show that at,a™ € £(f) + (g).
By [BKW77, Proposition 2.2.3|, there exist hy € ¢(f) and hy € ¢(g) such that |a™| <
|h1| + |ha|, therefore it follows by the Riesz decomposition theorem [Dar95, Theorem
3.11] and by convexity of £(f) and ¢(g) that |a™| € £(f) + £(g). Since |a™| = |a V0] =
(aV0)V—(aV0)=(aVOV—a)A(aV0)=aV0=aT,it follows that a* € ¢(f)+{(g),

0

and a similar argument shows that a= € ¢(f) + ((g).

Remark 2.4.4. An element 0 < u € G is a strong order unit if {(u) = G; so if G has
a strong order unit then Prin-¢-Id(G) is a bounded and distributive lattice by Lemma
2.4.3 (ii). For example, the constant function with value 1 is a strong order unit in the
l-group C*(X) of bounded continuous real-valued functions on a topological space X.

On the other hand, the /-group of all functions N — R has no strong order unit.
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Theorem 2.4.5 (Weinberg’s theorem). Let H C G be a subgroup. The sublattice of

G generated by H 1is a subgroup of G; in particular, if S C G is any non-empty subset,

then the sub-f-group of G generated by S consists of the elements of G of the form
VN i (2.5)
i=1j=1

where each f;; is in the subgroup of G' generated by S.

Proof. See Theorem 6.7 in [Dar95]; given a,b € G of the form (2.5), the proof actually

shows how to construct ¢,d € G of the form (2.5) such that a+b=cand —a=d. O

2.4.2 The (-spectrum of an /-group

Much in the same way that the set of prime ideals of a ring is equipped with a spectral
topology (see Section 2.2), the set ¢-Spec(G) of all prime ¢-ideals of an ¢-group G
also carries a spectral topology, see Definition 2.4.8 and Theorem 2.4.9. Moreover,
in analogy to the case of real closed rings, (-Spec((G) serves as a set on which G can
be represented as an ¢-group of functions, and the basis of closed sets for the spectral
topology on ¢-Spec(G) can be recovered using the principal ¢-ideals of G, see Corollary
2.4.7 and Theorem 2.4.9 (IV), respectively.

Throughout this subsection, G is an /-group.

Proposition 2.4.6 (Abstract Nullstellensatz for ¢-groups). If S C G is any non-empty

set, then
((S) =({p € t-Spec(G) | S C p}.

Proof. Since the (-group G is abelian, it is representable, see the beginning of [AF88,
Chapter 4] and [AF88, Corollary 4.1.2], as well as [BKW77, Section 4.2] together
with [BKW77, Proposition 4.2.9] and [BKW77, pp. 26, 1.6.1]. In particular, every
regular ¢-ideal (see [BKW77, Definition 4.2.3]) is prime by [BKW77, Theoreme 4.2.5],
therefore
0(S) © ﬂ{[ C G| I is a regular ¢-ideal and S C I}
D m{f C G | I is a prime f-ideal and S C I}
O ({I € G| Iisan f-ideal and S C I} = ((S),

where (x) holds by [BKW77, pp. 72, 4.2.4]. O
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Corollary 2.4.7. Fvery (-group G is isomorphic to a sub-C-group of the (-group of
all functions X — N for some non-empty set X and some o-group N; moreover,
one may take X = (-Spec(G), or X = (-Spec’(G) := {p € (-Spec(G) | p # G}, or
X := (-Spec™™(G) := {p € (-Spec(G) | p is minimal in the poset (¢-Spec(G), C)}.

Proof. The proof is analogous to that of Lemma 2.3.3. Note first that
O=<2 N »2 N »2 N »
pel-Spec(G) pel-Spec*(G) peL-Spec™™ (@)
where (1) follows by Proposition 2.4.6, and (2) and (3) are clear by definition of
(-Spec*(G) and (-Spec™"(@), respectively. Let now X be any of the sets -Spec(G),
(-Spec*(G), or £-Spec™(G); by the above and Lemma 2.4.3 (i), the canonical map

G— [ G/p

peX

fr—= (F/p)pex

is an (-group embedding. For each p € X, the total order of the o-group G/p extends
canonically to a total order on its divisible hull d.h.(G/p) in such a way that d.h.(G/p)
becomes an o-group and G/p C d.h.(G/p) is an o-group embedding, see [Mar(2,
Lemma 3.1.16]. Since the {+, —, 0, <}-theory of divisible o-groups is complete and
has quantifier elimination (see [Mar(02, Corollary 3.1.17]), this theory has the joint
embedding property by [CK90, Proposition 3.5.11], therefore there exists a divisible
o-group N such that d.h.(G/p) C N for all p € X, therefore the composite map
G— [[ G/ = [[dh(G/p) = [[N =N
peX peX peX

is an (-group isomorphism onto its image, as required. O

Definition 2.4.8. Define the ¢-spectrum of G to be the set (-Spec(G) of all prime

(-ideals of G equipped with the topology given by taking the sets

D(f) = {p € -Spec(G) | f ¢ p}
as a subbasis of open sets with f € G; write also V(f) := {p € (-Spec(G) | f € p}.

Theorem 2.4.9. The topological space (-Spec(G) is a spectral space and the assign-
ment G +— (-Spec(G) yields a contravariant functor (-Spec : -Gp — Spec. More-

over:
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[¢]

(I) K(£-Spec(G)) = {D(f) | f € G} U {¢-Spec(G)} and K(£-Spec(G)) = {V(f) |
feGiu{g}.

(IT) {G} is a closed point in (-Spec(G); in particular, the set -Spec*(G) := {p €
(-Spec(G) | p # G} of proper prime {(-ideals of G is an open subspace of
(-Spec(Q).

(III) The following are equivalent:

(i) G has a strong order unit (see Remark 2.4.4).
(ii) There ezists u € G such that D(u) = ¢-Spec™(G).
(iii) There exists u € G such that V(u) = {G}.

(iv) The space (-Spec*(G) is quasi-compact.

(v) ¢-Spec™(G) is proconstructible in (-Spec(G).

(IV) The map

K(¢-Spec(G)) — Prin-¢-1d(G) U {G}
V() — ()

g— G

18 an anti-isomorphism of bounded distributive lattices.

Proof. In [Sch13, Section 2] it is shown that {V(f) | f € G} is a subbasis of open
sets for a spectral topology on ¢-Spec(G); and that {V(f) | f € G} U{@} is the
set of quasi-compact open'? subsets for this topology on ¢-Spec(G), therefore the first
statement of the theorem and item (I) follow from Proposition 2.2.3 (i) and [Sch13,

Proposition 2.10); moreover, {G} = ;. V(f), from which (II) follows.
For (I11), note that if u € G, then

l(u) =G &y ¢ p for all p € (-Spec™(G) <= D(u) = (-Spec™(G),

12Since G € ¢-Spec(G) by definition, it follows that there is no f € G such that V(f) = g,
as otherwise G ¢ V(f), that is, f ¢ G. In particular, some statements in [Sch13] need slight
modifications to hold true: for example, [Sch13, Corollary 2.5] holds for non-empty quasi-compact
open subsets instead of for all quasi-compact opens.
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where (x) follows by Proposition 2.4.6, and this shows the equivalence of (i), (ii), and
(iii). The equivalence of (ii) and (iv) is immediate from (I) and from the fact that
¢-Spec™(G) is open in ¢-Spec(G), and the equivalence of (iv) and (v) is obvious.
Finally, since ¢(f) = ¢(|f|) by Lemma 2.4.3 (ii) and V(f) = V(|f]) by [Schl3,
Lemma 2.4. (a)] for all f € G, the map in (IV) is bijective; moreover, ((f) = (,cy(s P
by Proposition 2.4.6, from which it follows that V(f) C V(g) if and only if ¢(g) C

o f). O

Remark 2.4.10. The space ¢-Spec*(G) of proper prime f-ideals of G is a generalized
spectral space, that is, it is a T sober space with a basis of quasi-compact opens which is
stable under non-empty finite intersections, see for example [CGL99]. Slightly abusing
notation, write I%(E—Spec*(G)) = {D(f) | f € G} and K({-Spec*(G)) := {V(f) | f €
GY}; it follows by Theorem 2.4.9 (I) that {D(f) | f € G} is a basis of quasi-compact

opens for /-Spec*(G) which is closed under non-empty finite intersections.

2.4.3 The Shen-Weispfenning theorem

Let G be an f-group. By Corollary 2.4.7 one may regard G as an ¢-group of functions
X — N, where X is a non-empty set and N is an o-group. To any such /-group of
functions one can associate its lattice of zero sets Lg x = {{f > 0} | f € G}, where
{f >0} :={z € X | f(z) > 0}; that each such {f > 0} is indeed a zero set and
L¢ x is lattice follows easily from the lattice structure on the ¢-group G, see Remark
2.4.14. In particular, the ¢-group of functions G and the lattice of zero sets L x can be
assembled into a two-sorted model-theoretic structure (G, Lg x ) connecting the sort of
G (called the home sort) and the sort of Lg x (called the space sort) via the function
G —» L x given by f — {f > 0}. Such two-sorted structures are called for brevity
standard structures, see Definition 2.4.15.

Loosely speaking, the Shen-Weispfenning theorem in [SW87a] (see also [SW87h])
states that if the ¢-group G of functions X — N is divisible and it satisfies the patch-
ing condition, then every first order property of the two-sorted structure (G, L¢ x)
can be reduced to a first-order property of the lattice of zero sets L¢ x; in particular,

every first-order property of G can be reduced to a first-order property of Lg x. More
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precisely, the Shen-Weispfenning theorem states that the theory of all standard struc-
tures (G, Lg,x ), where G is a divisible ¢-group of functions X — N which is closed
under patching, eliminates quantifiers relative to the space sort, see Theorem 2.4.29.

The patching condition on an f-group G of functions X — N (see Definition
2.4.19) can be seen as stating that a particular kind of formula in the two-sorted
structure (G, Lg x ) is equivalent to a quantifier-free formula. This patching condition
is not a property of the /-group G, but rather it is a property of the functional represen-
tation G C NX of G. In particular, Proposition 2.4.23 shows that if G is an arbitrary
(-group, then G is closed under patching when regarded as an ¢-group of functions
on (-Spec*(G) (see Corollary 2.4.7), therefore the Shen-Weispfenning theorem can be
applied to arbitrary divisible /-groups.

This section begins by setting-up the required two-sorted framework following the
template given in Subsection 2.1.1, see Definition 2.4.15. This is followed by prov-
ing a normal form (%) for formulas without home quantifiers in standard structures
(G, Lg x), see Lemma 2.4.17, and then showing that eliminating a home quantifier in
formulas of a particular form (&) reduces to eliminating home quantifiers in formulas of
very simple form, see Lemma 2.4.18. After that, the patching condition is introduced
in Definition 2.4.19 and both examples and non-examples of ¢-groups satisfying the
patching condition are given. Next, Proposition 2.4.25 shows how the patching condi-
tion is used to eliminate home quantifiers in the simple formulas of Lemma 2.4.18, and
this should be regarded as the main elimination step in the Shen-Weispfenning theo-
rem. Theorem 2.4.29 (the Shen-Weispfenning theorem) then ties everything together
by showing that every formula in divisible standard structures which are closed under
patching is equivalent to one of the form (%). The section concludes with applica-
tions of Theorem 2.4.29 to decidability; in particular, Proposition 2.4.34 and Corollary
2.4.35 show how the Shen-Weispfenning theorem applies to the additive ¢-group reduct
of a real closed ring when regarded as an ¢-group of functions on Spec(A) (see Lemma
Definition 2.4.11. Set £ := {+, —, 0} to be the language of groups and £8P :=
{+,—,0,V, A, <} to be the language of ¢-groups.

Every ¢-group can be regarded as an .Z“#P-structure in the canonical way. Clearly

the class of f-groups is elementary in the language P,
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Corollary 2.4.12. Every £“8-term t(T) is effectively equivalent modulo the £*P-
theory of {-groups (see Definition 2.1.14) to a term of the form \/;_; \j_, ti;(T), where

each t;;(T) is an L=P-term.
Proof. Immediate from Theorem 2.4.5 and its proof. O]

Definition 2.4.13. Let G be an f-group of functions X — N, where X is a non-
empty set and N is an o-group. Define {f = 0} := {z € X | f(z) = 0} to be the
zero-set of f, and define {f > 0} and {f > 0} analogously.

Remark 2.4.14. Let X be a non-empty set and N be an o-group. For all functions
fyg,h: X — N the following identities hold:

{fvgznp={f=htu{g=h}, {fNg=h}t={f=h}n{g=nh}
{fvg<hy={f<hinfg<h}and {f Ag<h}={f<hpU{g<hj

Moreover, {f = 0} = {f > 0} {~f > 0} = {fA—f > 0} and {f > 0} = {fA0 = 0}.
Definition 2.4.15. (I) Let £ be the 2-sorted language of standard structures:

(i) IT U X is a partition of the sorts of £ where 1T := {Spome} and ¥ :=

{Sspace} (Shome 18 the home sort and Sspace is the space sort).

(i) L5 = .i”r?'sslf;‘ne} = % and L3 = .,iﬂrs{tii;ce} = LT =
{U,M,C, T}; and

(iii) L5\ (L U Zx) = {{(—) > 0}}, where {(—) > 0} is a unary function
symbol of sort (Shome, Sspace)-

(IT) A standard structure is an £5"5"-structure such that:

(i) the home sort is interpreted as an ¢-group G of functions X — N (where

X is a set and N is an o-group);

(ii) the space sort is interpreted as the lattice Lo x := {{f > 0} | f € G} of
zero sets of G C N¥X (cf. Remark 2.4.14); and

(iii) the unary function symbol {(—) > 0} is interpreted as the map G —» L¢ x
given by f+— {f > 0}.
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(IIT) The Z5* -theory of standard structures is the common 55" -theory T of

all standard structures, i.e.,
T = ﬂ{Thgststn (9) | ¢ is a standard structure},

where Th gsestr. (9) is the £ -theory of the £ -structure ¥.

Remark 2.4.16. 1t follows from the functional representation of /-groups given in Corol-
lary 2.4.7 that every ¢-group has at least one expansion to a standard structure, namely,
after identifying G with an ¢-subgroup of functions ¢-Spec*(G) — N for some o-group
N, the set K(¢-Spec*(G)) is exactly the lattice of zero-sets of G' (see Remark 2.4.10),
hence the pair (G, K(¢-Spec*(())) is a standard structure.

Lemma 2.4.17. Every %" -formula (%, () without home quantifiers is equivalent

modulo TS to an L5 -formula of the form

56 |0 E) /)"Z\s — {s(2) 2 0) (¥
where
() &1,... & are space variables,
(ii) o((,€) is a space formula, and
(i) $1(2),.. ., 5m(Z) are L —terms,

Moreover, if ¢(Z, Z) 1s an existential formula, then the resulting equivalent formula in

(W) is also existential.

Proof. The set of sorts ¥ = {Sspace} is closed in £ (Definition 2.1.3); moreover,
if 5(z) is an Z™"-term, then the atomic Zj*"-formulas s(z) > 0 and s(z) = 0
are equivalent modulo 75 to {s(Z) > 0} = T and {s(Z) = 0} = T, respectively.
Therefore, by Lemma 2.1.8, (%, () is equivalent to a formula ¢'(Z, () of the form (%)
which satisfies items (i) and (ii) in the statement of the lemma, but where each of the
terms s;(z) are .£“P-terms.

In order to obtain from ¢'(Z,() a formula of the form (%) satisfying all items (i) -

(iii) in the statement of the lemma, assume first for notational simplicity and without
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loss of generality that m = 1 in the conjunct appearing in ¢'(Z, (), so that ¢'(zZ,() is
the formula

35[ (C.6) me={s(z) > 0}, (2.6)

where ¢ and ¢((, &) are as in items (i) and (ii) in the statement of the lemma (re-
spectively), and s(z) is an Z“#-term. By Corollary 2.4.12, there exist my,my € N
and Z*-terms s;;(Z) such that s(Z) is equivalent to \/i) A7Z) s;(Z) modulo T

in particular, (2.6) is equivalent to
mi1 mso
35[ Come=||] Hsu@ = 0}] (2.7)
i=17=1

modulo 75" by Remark 2.4.14. Let &; be new space variables for each i € [m;] and

J € [ma]; then (2.7) is equivalent to

| Cone-[Ien AMe-tumz0l. e
i=1j=1 i=1 j=1

and clearly (2.8) is a formula of the form (%) satisfying all items (i) - (iii) in the
statement of the lemma, as required. The moreover part in the statement of the

lemma is clear by construction. O

Lemma 2.4.18. Consider the L% -formula

wz(zliflz) P (xiéh)
333(/)(\511' C{x>su(2)} M /X\{ZU < 59i(2)} C &oi M

i€l i€l

/X\fsig{ﬂﬁﬁszaz }/X\/X\{$>S4z }':&u)» (o)

wels wi(;gf?n‘) el »; (96 Z,€4:)

where

(i) x is a home variable;

(i) Iy, I, I3, and I, are disjoint finite index sets;
(iii) all &, are space variables; and

(iv) all s1;(Z) are L5 -terms.

Then (&) is equivalent modulo T to the conjunction of all the following formulas:
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(a) For alli € I and all j € I3 the formula

Jz (S E {7 > 51:(2)} M &5 £ {7 < 835(2)}) -
(b) For alli € Iy and all j € I3 the formula

3z ({7 < 52i(2)} E & M &35 C {z < s35(2)}) -
(c) Forallie I, and all j € 1 the formula

Jz (&1 E {z > 51,(2)} M {x > 545(2)} E &) -
(d) For alli € Iy and all j € I, the formula

Jdz ({x < 59i(Z)} T & MA{x > 545(Z)} T &yj) -

Moreover, suppose that G is an {-group of functions X — N and let Y := (G, Lg x) is
its corresponding standard stricture. If hy; € G (i € [LUL, j € I3UI) witness each of
the existential quantifiers of the formulas (i) - (iv) for 9, then h := \/ ;.1 o1, Nicr,or, i

witnesses the existential quantifier of the formula (&) for 9.

Proof. Note first that (&) is the formula

3o | X\ X\ il 7, ) (2.9)

ke[d] i€l
where each 1); is defined as in the statement of the lemma. Let now G be an arbitrary
¢-group of functions X — N (where X is a non-empty set and N is an o-group)
and set ¢4 := (G, Lg x) be its corresponding standard structure. Pick d € Gl and
Cyi € Lg x for all for all k € [4] and i € I;; for each k € [4] and i € I}, define ¢;(x) to
be the formula (with parameters) 1;(z, d, Cy;), and set ex; := s;(d) € G for all k € [4]
and all 7 € I}.

Claim 1. The following are equivalent:
(D) ¢ FE3 <Ake[4} Aielk SOZ(x))
(1) 9 = Nienor, 351 (22 M Nyeror, #5(@).
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Proof of Claim 1. Clearly (I) implies (II). Conversely, suppose that (II) holds, let
h; € G (i € [UI,) witness this, and define h :=\/ hi. If i € I, then

i€ Ul
® @)
{h>ey} = \/ hir > e1; p = U {hi > e1;} 2 Cyy,
iIEIlOIQ 776110]2

where (1) follows from Remark 2.4.14, and (2) follows from (II), therefore ¢4 = ¢;(h);

similarly, if ¢ € I5, then

{h <ey}t= \/ hi < ey p = m {hi < ey} C Oy

i/€I1UIQ i’EIlliIQ

therefore 4 = p;(h). Analogously, if j € I3, then

{h <es}= \/ hi <esjp = ﬂ {h; < ez} 2 Cs,

iel1Uly ieUIy

hence ¢ = ¢;(h), and if j € I4, then

{h > e4} = \/ hi > eq; p = U {h; > e4;} C Cy

iel1Ulp ie1UI

hence ¥ = ¢;(h); altogether, 4 = ¢;(h) for all i € LULUI3UI,, from which (I)
follows. Uctaim 1

Claim 2. The following are equivalent:
() 9 b Pcron, 30 (910 M Neror, #i(@1)).
D) ¢ = Nicnon Njeron 33 <<Pi($z‘j) I\ %‘(Izj))

Proof of Claim 2. Clearly (I) implies (II). Conversely, suppose that (II) holds, let

hij c G (Z € Ilo.[z, j & I3UI4> witness thiS, and define hz = /\jelgUL; hl] Fix

1€ IlU]Q, lf] S 13, then

{h; <es} = /\ hijp < esj p = U {hijr < es;} D Csy,

j/613014 j/61:30[4

therefore ¢ = ¢;(h;), and if j € I, then

{hi > e4;} = /\ hijy > eqj p = m {hij > e4;} C Cyj,

j'EIgUI4 j’€I3U]4
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therefore ¢ = ¢;(h;). Analogously, if ¢ € I, then

{hi > eu} = /\ hij > ey p = ﬂ {hij > e1i} 2 Chy,

JEI3UIY jEI3UIL

hence ¢4 |= ¢;(h;), and if i € I5, then

{h; < ey} = /\ hj <egp = U {h; < ey} C Oy,

]'613014 jEIgUI4
hence 4 | ¢;(h;); altogether ¢ = ¢;(h;) for all j € I3Ul, and all i € Ul and
4 = @i(h;) for all ¢« € [UI, therefore (I) follows. Octaim 2

The statement in the lemma now follows by combining Claim 1 and Claim 2. [

Definition 2.4.19. An (-group G of functions X — N (X a set and N an o-group)
is closed under patching if for all f,g € G and all C, D € L¢ x

ficop = gijcnop = 3h € G such that fic = hjc and g;p = hyp.

Remark 2.4.20. Let G be an (-group of functions X — N (X a set and N an o-
group), and set ¢4 := (G, Lg x) be its corresponding standard structure. Then G is
closed under patching if and only if

G EVeyVeC(EMCE{zr =y} = F2(( E{r =2} A(E{y = 2})),
therefore being closed under patching is an elementary property of standard structures.

Example 2.4.21. Let N be an o-minimal expansion of a real closed field and let G be
the f-group of continuous definable functions X — N on some definable X C N™.
It is claimed that G is closed under patching. Let f,g € G and C,D € L¢ x be such
that ficnp = gicnp; then the function by : CU D — N given by

o) = f(z) ifzeC

g(x) ifzeD
is continuous and definable, therefore by the definable Tietze extension theorem (see
Corollary [Dri98, Chapter 8, Section 3, Corollary 3.10]) there exists h € G extending
hg, and such h verifies the patching condition for G. The same argument shows that

the f-group of continuous functions X — R on a normal space X is closed under

patching, see [Wil70, pp. 103, 15.8].
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What follows next is a relatively simple example of an /-group represented as an

(-group of functions on a subset of its /-spectrum of which is not closed under patching.

Example 2.4.22. Let N be a divisible o-group with at least one proper non-trivial
convex subgroup p (for example, N could be the additive group of a non-trivial real
closed valuation ring and p could be its maximal ideal), and let 7 : N —» N/p be the

projection map. Define G to be the fibre product of N with itself along 7, that is,
G : =N xn; N ={(a,b) € Nx N | n(a) =m(b)}.

G is an f-subgroup of N x N, and the kernels of the projections of G onto each of its
coordinates yield qy, qa € ¢-Spec(G) such that G/q; = G/qs = N; it is claimed that G,
regarded as an ¢-group of functions {q;,q2} — N is not closed under patching. Note
that the lattice of zero sets of G is exactly P({qi,q2}), where each of the elements
of P({q1,q2}) can be realized as the zero sets of the elements (0,0), (g,¢), (0,¢),
(¢,0) € G, where ¢ € p\ {0}. Pick now any a € N\ p and € € p\ {0} and set C
to be the zero set of (£,0), D to be the zero set of (0,¢), f := (a,a), and g := (¢, ¢).
Then C' N D = @, hence ficnp = gjcnp, but there is no h € G such that fic = hje
and g;p = h;p, since the only function {qi,q2} — N satisfying these conditions is

h:=(eg,a) and clearly h ¢ G.

Recall from Corollary 2.4.7 that every f-group admits a representation as an /(-
group of functions on various subsets X C ¢-Spec(G). Example 2.4.22 shows that for
some choices of X, the functional representation of G on X does not yield an ¢-group
of functions which is closed under patching; the next lemma shows that one obtains

the patching condition for the choice X := ¢-Spec™(G):

Proposition 2.4.23 (Tressl, [Tre22]). Let G be any (-group. Then G, regarded as
an L-group of functions (-Spec*(G) — N for some o-group N (see Remark 2.4.7) is
closed under patching; equivalently, the standard structure (G, K((-Spec*(Q))) is closed
under patching (see Remark 2.4.16).

Proof. Let f,g € G and C,D € K(¢{-Spec*(G)) be such that ficnp = gicnp. Pick
hi, hy € G=° such that C' = V(hy) and D = V(hy); then V(hy) NV (he) C V(f — g),
and thus ¢(f —g) C ¢(hy)+{(hy) by Theorem 2.4.9 (IV). Pick e; € ¢(hy) and e5 € £(hs)
such that f—g = e; +ey, and define h := f—e; = g+ey; then C' = V(hy) C V(ey) and
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D = V(hy) C V(ey) again by Theorem 2.4.9 (IV), and thus C C V(e;) = V(f — h)
and D C V(ey) = V(g — h), that is, fic = hjc and g;p = hip, as required. O

Remark 2.4.24. Let G be any ¢-group regarded as an ¢-group of functions on /-Spec*(G)
as done in Proposition 2.4.23. Then it is straightforward to check that the following

are equivalent:
(i) The standard structure (G, K(f-Spec*(G))) is closed under patching.

(ii) The Chinese remainder theorem for principal (-ideals of G holds, that is, for
all f,g,h1,he € G, if f/(l(hy) + €(he)) = g/(£(h1) + £(h2)), then there exists
h € G such that f/¢(hy) = h/l(hy) and g/l(hs) = h/l(hs) (cf. [BKWT77, Lemme
10.6.3)).

(iii) The presheaf F¢ of f-groups on (¢-Spec(G))iny defined on IOC((E—Spec(G))inv) by
Fe(V(f)) == G/U(f) and Fe(@) := G/G = 0 is a sheaf (cf. [Sch13, Theorem
3.1)).

Proposition 2.4.25. Let G be an (-group of functions X — N which is closed

under patching. Let ¢ = (G, Lg x) be its corresponding standard structure, and let

also f,g € G and C,D € Lg x.
(I) The following are equivalent:

() 9 =32 (CC{x>f} A DC {x < g}).

(i) 4 FCNDC{f<g)
(IT) The following are equivalent:

() ¥ F3c({r<fIECMADE{zr<g})

(i) EDN{g < [FECAFKEUC=TAENDC{f <g}).
(III) The following are equivalent:

() @ b3 (CC{x > f} m{z > g} C D).

(i) Y ECT{g<fICDAI(CUD=T ANCTICC{f<g}).

(IV) Suppose further that G is divisible. The following are equivalent:
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() F3c({r<fIECM{z=>g}C D)

(i) 9 F (EUC =CUD=TMAEN{g S fFEDMACN{g < f} CE
CMENCE{Sf <g})

Proof. For each of the proofs of the items (I) - (IV) below, let h € G witness the
existential home quantifier 3z of the formula in corresponding subitem (i).

(). () = (). CNDC{h>fIn{h<g} C{f <

(i) = (1). CND C{f < g} ={f Vg = g}, therefore since G is closed under
patching there exists h € G such that C C {fVg=h} C{h > f} and D C {g =
h} C{h < g}.

(). () = (). Dr{g < f} C{h < gbnig < [} € {h < f} C C. Define
C":={h> f};then X ={h > ftU{h < f} CC'"UC, hence X = C"UC, and also
C'ND C{f <h}n{h <g} C{f <g}, therefore C' € L x witnesses the existential
space quantifier 3¢ in the formula of item (ii).

(ii) = (i). Let C" € Lg x witness the existential space quantifier 3¢ in the formula
of item (ii). Pick go € G such that gy > 0 and D = {go = 0} and define f" := (fVg)+go.
Then

C'NDC{f<gtn{g=0}c{f =g} S{f <y},

therefore by (I) there exists h € G such that C" C {h > f'} and D C {h < g}. It
remains to show that {h < f} C C; note that

th<t2m<pnECcuo)ch< fincud,

where (x) follows since C'"UC = X, therefore it suffices to show that {h < f}NC" C C.
Indeed:

(p<finC C{r < fIn{h > fyC{f < f} C{o0=0}n{g < f}
=Dn{g<f}ccC.

(III). This follows from (II) by considering 3z ({z < —g} T D N C C {x < —f}).
(IV). (i) = (ii). Following similar arguments to the ones in the proof of (II), one
can easily check that C" := {h > f} and D’ := {h < g} witness the space quantifiers

3¢ and 3¢ in the formula of item (ii), respectively.
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(ii) = (i). Let ¢" := {h > f} and D’ := {h < g} witness the space quantifiers 3¢
and 3¢ in the formula of item (ii), respectively. Pick gy € G such that C'ND" = {go =
0}, and define f' == (f vV &%) + go and ¢’ := (g A 1£2) — go. Then

CNDC{f<gin{go=0}C{f =ag}n{d =g} C{f =d{f <d}

therefore since G is closed under patching there exists h € G such that C C {f' = h}
and D C {¢' = h}. Note that

{h<fr={rh<sfin(CuC)Cc({r<finCHucC
and
{h>gt={h>g}n(D'UD)C ({h>g}ND)UD,
therefore to show that {h < f} C C and {h > g} C D it suffices to show that

{h< f}NC" CC and {h > g} N D" C D, respectively. Indeed,

{h<fAnC C{f < fyn{g =0}
C{g < f1n{g =0}
Clg<fInC'nD

cc
and
{h>f}nD" C{g >g}N{g =0}
C{f =g} N{g =0}
C{f=gtnC'nD
C D,
as required. N

Definition 2.4.26. Define T3 to be the theory T together with the set of
L5 _gentences expressing that the group is divisible and that the standard structure

is closed under patching (see Remark 2.4.20).

Corollary 2.4.27. Every Z5%*-formula of the form (&) is equivalent modulo the

theory T3\ oen to an existential formula without home quantifiers.
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Proof. Combine Lemma 2.4.18 together with Proposition 2.4.25. m

Remark 2.4.28. Since the two-sorted language .£*"5'" is finite, it is a recursive language,
see Definition 2.1.10, Remark 2.1.11, and the discussion at the end of Subsection 2.1.2.
In particular, it follows from their respective proofs that each of the equivalences
stated in Lemma 2.4.17 and Lemma 2.4.18 are effective modulo 755" in the sense of
Definition 2.1.14; similarly, each of the equivalences stated in Proposition 2.4.25 are

effective modulo T35, ., and analogously for Corollary 2.4.27.

Theorem 2.4.29 (Shen-Weispfenning theorem, [SW87al). Every £ -formula
(2, C) is effectively equivalent modulo the L -theory T3S o of divisible standard

structures which are closed under patching to a formula of the form (). In particular:

(i) The L% -theory T5i 5 en has effective elimination of home quantifiers.

(i) The L% -theory T3 e eliminates quantifiers relative to the space sort.

(iii) Every existential £L***""-formula is effectively equivalent modulo Tg% o to an

existential formula without home quantifiers.

Proof. 1t suffices to show that (i) holds. Indeed, since the set of sorts ¥ = {Sspace} 18
closed in Z%5* (see Definition 2.1.3), (i) implies (ii) by Lemma 2.1.7, and if (i) holds,
then the first statement of the theorem follows from Lemma 2.4.17 and Remark 2.4.28;
item (iii) will follow immediately from the constructions in the proof of (i).

To prove (i), it suffices in turn to prove by induction on n € Ny that every 55—
formula with n home quantifiers is effectively equivalent modulo T3, to a formula
without home quantifiers. In what follows, every occurrence of “equivalent” means
“effectively equivalent modulo T3 " ; see also Remark 2.4.28.

The base case is clear, so assume that the statement holds for some n € Ny and let
©(%,¢) be an Z***""_formula with n+ 1 home quantifiers. Since ¢(Z, () is equivalent to

a formula in prenex normal form, it can be assumed that ¢(Z, ) is already in prenex

normal form; in particular, p(Z, ¢) is a formula of the form

x % % Qx Yo,
P

where * % * denotes a (possibly empty) block of space quantifiers, the home quantifier

Q is either 3 or V, and v is an .Z5""_formula with exactly n home quantifiers whose
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free space variables contain ¢ and whose free home variables are exactly Z and z. It
now suffices to show that 1 is equivalent to a formula without home quantifiers. By
inductive hypothesis, 1y is equivalent to a formula without home quantifiers, therefore

by Lemma 2.4.17 9 is equivalent to

Qx [351 b <a A /X\f = {s4(z,x) > o})] : (2.10)

where
(i) &,...,&n are space variables,
(ii) o is a space formula whose free variables are &, ..., &, together with the free

space variables of v, and
(iii) s1(Z,2),...,5m(Z,z) are £& -terms.

Case 1: ) = d. Since o is a space formula, there is no occurrence of x in o, therefore

(2.10) is equivalent to

31 bn [ om 3z N\ & = {si(z,2) 2 0} |
=1

. i

6(2,8)
and it suffices to show that §(Z, €) is equivalent to a formula without home quantifiers.
Since each s;(Z, x) is an Z% -term, s;(Z, x) = t;(Z) & n;x for some £* -term ¢;(Z) and
some n; € N, it follows that there exists a unique m; € Ny with m; < m such that
§(%,€) is equivalent to
ax/)(l\gi ={niz > 6@} n N\ &= {nz <)} (2.11)
i=1 i=mi+1
Since {u; > us} = {nu; > nuy} in T for all home terms uy,us and all n € N, it
follows that (2.11) is equivalent to
ax/xl\gi ={nz>t@}In M\ &={nz <t} (2.12)
i=1 i=mi+1
where n is the least common multiple of ny, ..., n,, and t/(Z) := (n/n;) - t;(Z). Since
the home sort is a divisible group in every model of T3, ., (2.12) is equivalent to

W MN\&={zzt@E A N\ &={z<tE@) (2.13)

i=mi1+1
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and (2.13) is in turn equivalent to

a(/x\s ClezdEya M e<i@ics

i=mi+1
m mi
M\ &l <a@r A Mo > e c 5) (2.14)
i=mi1+1 =1
Finally, (2.14) is a formula of the form (&), therefore it is equivalent to an existential
formula without home quantifiers by Corollary 2.4.27.
Case 2: Q = V. In this case (2.10) is equivalent to

- 3z - lagl...gm (M«/X\@ = {s5(z, 2) 20})

o

. (2.15)

Since 1)’ is a formula without home quantifiers, one can proceed as in Case 1 above to
eliminate the home quantifier 321, form which it follows that (2.15) is equivalent to

a formula without home quantifiers. O

The remaining part of this subsection collects some direct consequences of Theo-
rem 2.4.29 on decidability issues; note that Theorem 2.4.29 can also be used to give
sufficient conditions for an embedding of standard structures to be existential and

elementary.

Corollary 2.4.30. Let G be a divisible (-group of functions X — N which is closed
under patching. Let 4 := (G, Lgx) be its corresponding standard structure. If the
LT -theory of the lattice of zero sets Lg x of G is decidable, then the £ -theory
of 4 is decidable, and thus so is the L -theory of G.

Proof. Let ¢ be an .£5"*"-sentence. Since ¢ does not have any free variables, it follows
by Theorem 2.4.29 that ¢ is effectively equivalent modulo ¢ to an Z'**(T)-sentence
o, therefore 4 |= ¢ if and only if Lg x = o, from which the statement follows. m

Corollary 2.4.31. Let G be any divisible (-group. If the L2 (T)-theory of the lattice
K (¢-Spec*(@)) is decidable, then the L“8P-theory of G is decidable.

Proof. Combine Lemma 2.4.16, Proposition 2.4.23, and Corollary 2.4.30. O]

The next proposition gives a particular instance in which the lattice of zero sets of

an (-group of functions is decidable; this result will be deployed again in Chapter 3.
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Proposition 2.4.32. Let N be an o-minimal expansion of a divisible o-group.

(i) Let Ly be the lattice of zero sets of the £-group of continuous definable functions
N — N. The ZL%(S)-theory of (L, S) is decidable for every finite set S C Ly

of constants.

(ii) Let X C N™ be definable and of o-minimal dimension 1. The lattice Lx of zero
sets of the {-group of continuous definable functions X — N is isomorphic to

a lattice which is parametrically definable in the lattice Ly. In particular, the

L1 S)-theory of (Lx,S) is decidable for every finite set S C Ly of constants.

Proof. A proof analogous to that of Lemma 2.3.34 shows that Lz and Ly are exactly
the lattices of closed and parametrically definable subsets of R and X, respectively.
In particular, Lg is the lattice of finite unions of intervals [a,b] C R U {£oo}, where
a,b € RU{xoo} and a < b. Item (i) now follows by [Trel7, Corollary 3.6], and item
(ii) follows by [Trel6, 4.1. (vii), items (a) and (c)]. O

Corollary 2.4.33. Let N be an o-minimal expansion of a real closed field and let
X C N™ be a definable and of o-minimal dimension 1. The L“% -theory of the (-

group of continuous definable functions X — N 1is decidable.
Proof. Combine Example 2.4.21, Proposition 2.4.32, and Corollary 2.4.30. O

Proposition 2.4.34. Let A be a real closed ring and regard it as an f-ring of functions
Spec(A) — R for some real closed field R (see Lemma 2.3.3). Then the additive (-

group reduct of A is closed under patching.

Proof. Note first that an element V' C Spec(A) is a zero set of A C RSP if and
only if there exists f € A such that V = {f =0} = {p € Spec(4) | f/p =0} ={p €
Spec(A) | f € p} = V(f). By Proposition 2.3.4 it follows that the lattice L4 gpec(a)
of zero sets of A is exactly K(Spec(A)). The proof of the statement is now analogous

to the proof of Proposition 2.4.23 using Proposition 2.3.4 instead of Theorem 2.4.9
(IV). O

Corollary 2.4.35. Let A be a real closed ring. If the L% (T)-theory of K(Spec(A))
is decidable, then the L#-theory of the additive (-group reduct of A is decidable.
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Proof. By [Sch89, Chapter I, Corollary 3.6, every real closed ring is an R,j,-algebra,
where R, is the field of real algebraic numbers. In particular, the additive ¢-group
reduct of A is a divisible abelian /-group, therefore the statement follows by Proposition

2.4.34 and Corollary 2.4.30. O



Chapter 3

The Lattice-Ordered Module
Cs.a.(X)

Fix the following conventions and notation for this chapter:

(i) Every module is a left module.
(ii) R is a real closed field and X C R™ is a semi-algebraic curve (Definition 2.3.19).

(ili) Csa(X):={f:X — R f is continuous and semi-algebraic}.

3.1 Introduction

The set Cs, (X) of continuous semi-algebraic functions on a semi-algebraic curve X
has the structure of a ring under pointwise addition and multiplication of functions.
The ring Cs, (X) is real closed (Definition 2.3.1) and its underlying additive group
is a divisible ¢-group (Definition 2.4.1). The semi-algebraic Tietze extension theorem
(Theorem 2.3.17) implies that Cs, (X) is closed under patching (Definition 2.4.19 and
Example 2.4.21), therefore the first-order properties of Cs, (X) regarded as an (-group
can be effectively reduced to first-order properties of its lattice of zero sets Ly by the
Shen-Weispfenning theorem (Subsection 2.4.3). In particular, decidability of the first-
order theory of the lattice Ly (Proposition 2.4.32 (ii)) implies that the first-order
theory of the (-group Cj..(X) is decidable (Corollary 2.4.33).

The goal of this chapter is to adapt the proof technique of the Shen-Weispfenning
theorem to show that the first-order properties of Cs, (X), regarded this time as a

76
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lattice-ordered module over itself in the language of ¢-groups enriched by all scalar
multiplication functions f - (=) for f € Cs. (X), can be reduced to a Boolean combi-
nation of first-order properties of its lattice of zero sets Lx and first-order properties
of the ring of germs Opg of continuous semi-algebraic functions X — R at a half-
branch of X (Subsection 2.3.2). See Theorem 3.1.8 for the precise formulation of this
statement. This reduction of first-order properties is effective under the additional hy-
pothesis that R is a recursive real closed field; this, together with the fact that Lx and
Op are decidable structures, implies that the first-order theory of the lattice-ordered
module Cy, (X) is decidable, see Section 3.5. Some further remarks on decidability
can be found in Section 3.6, as well as a discussion on where the problems arise in
attempting to use the model-theoretic machinery of this chapter to analyze the ring
structure on Cy, (X) .

It will now be explained how the ring of germs Opg arises naturally in trying to

adapt the Shen-Weispfenning theorem to the lattice-ordered module

My = (Coa(X);+, = 0, <, VoA S (5) }recn ()

Following the construction in Subsection 2.4.3, the first step to adapt the Shen-
Weispfenning theorem to Mx is to enrich it with a new sort for the lattice of zero
sets Lx of 5, (X) and with the map My —» Ly given by f +— {f > 0}.

In the resulting two-sorted structure (My, Ly) one can express the statement that
f € Csa(X) divides g € Cg, (X) with the formula Jy(g = f - y). An example in
which (Mx, Lx) ¥~ Jy(g = f - y) will be now given in order to see how Og appears
with this set-up; the role of the lattice Lx in this context will be clarified in the next
two paragraphs. Suppose that X := R. Let f € Cy, (X) be the absolute value map
(so f(x) := |z| for all x € X), and g € Cs, (X) be the identity map (so g(z) := x
for all x € X). Then (Mx, Lx) [~ Jy(g = f - y) for this choice of X, f, and g, since

any function h : X — R satisfying g = f - h must also satisfy that h;_;q = —1
and Aoy = 1, and thus no such function can be continuous, hence in particular
h ¢ Csal(X).

On the other hand, note that (Mx,Lx) = Jy([-1,0] C {g = f-y}) and also
(Mx,Lx) = Jy([0,1] C {g = f - y}) with the same choice of X, f and g as above; in
other words, f divides g on the curve intervals [—1,0] and [0, 1] of the half-branches
0~ and 07 of 0 € X, respectively (see Definition 2.3.29 (ii) for the definition of a
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curve interval of a half-branch). In particular, even though the divisibility problem
Jy(g = f - y) can be solved on each half-branch 0~ and 0" of 0 separately, that is,
Or = 3Y([glo- = [flo-Y) and Or = Y ([glo+ = [flo+Y) (where [—]o+ : Ca(X) —>
Op is the germ map at 0%, see Proposition 2.3.35), these solutions cannot be glued
together to a solution locally around the point 0 € X.

The example above is an instantiation of the following result which holds for any
semi-algebraic curve X and any f,g € Cs. (X) (a slightly stronger version of this next
statement is proved in Lemma 3.3.1): there exists h € Cy, (X) such that g = f - h if
and only if {f =0} C {g = 0} and f divides g locally around the boundary points
of {f = 0}. The statement that f divides g locally around the boundary points of
{f = 0} can be expressed as a first-order statement purely in the ring Og by referring
to the germs [f]z and [g]g of f and g (respectively) at each of the half-branches 3 of
the finitely many boundary points of {f = 0} (the fact that there are finitely many
such points follows by o-minimality and from the fact that X is 1-dimensional), see
Lemma 3.3.2. In this way, the first-order statement Jy(¢g = f - y) in My is equivalent
to the statement {f = 0} C {g = 0} expressible in the lattice of zero sets Ly together
with a first-order statement expressible in the ring of germs Og. This suggests to
enrich the two-sorted structure (M, Lx) with a sort for the ring of germs Og and
with the germ maps [—]z : Csa.(X) — Op for all half-branches /5 at all points of X.

This is exactly what is described in the next subsection.

3.1.1 The set-up

Definition 3.1.1 (Page 128 in [Stel0]). Let A be a poring. A lattice-ordered A-module
(¢-A-module for short) is an ¢(-group (M, +, —, 0, <) such that M is an A-module and

(f>0andg>0) = f-g>0
for all f € Aand g € M. An f-A-module is an {-A-module M such that
(rAgr=0and f>0) = (f-g1)ANga=0 (3.1)
for all f € A and all g1,9, € M.

In particular, since C;, (X) is a real closed ring, it is also an f-ring, therefore

Cs.a.(X) has the structure of an f-Cs, (X)-module, too.
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Definition 3.1.2. Let A be a ring. Define 4 ™4 .= Z¢» J {f. (=) | f € A} to
be the language of A-modules and Z*4med .= tep (j {f. (=) | f € A} to be the

language of ¢-A-modules, where each f - (—) is a unary function symbol.

Definition 3.1.3. Let .Zx be the following 3-sorted language:

(i)

(i
(iii)

(iv)

IT U X is a partition of the sorts of the language £y, where II := {Shome} and
Y := {Sspaces Sgerm }; Shome 15 the home sort, Sspace is the space sort, and Sgerm
is the germ sort. Home variables are denoted by z,v,..., space variables are

denoted by &,(, ..., and germ variables are denoted by Y, Z, . ...
Lxm = LX (S} 1= L,

Lx12 = LX{Sapace} U LX[{Syorm}» WherTe

ZLxi(s = Z"(T, 1) and Lxi(sum) = -L"8(<,m),

space} :
where T and L are two constant symbols, < is a binary predicate, and m is a

unary predicate.

fx \ (.,gxrn U D%X[g) = {{(-) > 0}} U {[(—)]5 ’ ﬁ is a half-branch of X},
where {(—) > 0} is a unary function symbol of sort (Shome, Sspace); and [(—)]s is

a unary function symbol of sort (Shome; Sgerm) for every half-branch § of X.

Definition 3.1.4. Let .#x be the following .£x-structure:

(i)

(iii)

Interpret the home sort by Cs., (X) regarded canonically as an Zx -structure.
In particular, each unary function symbol f-(—) € Zx 1 is interpreted as scalar

multiplication by f € Cs. (X).

Interpret the space sort as the lattice Lx of closed semi-algebraic subsets of
X and interpret the germ sort as the ring O of germs of continuous semi-
algebraic functions at a half-branch, each regarded canonically as a structure
in the corresponding language. In particular, T-7x = X, 1/ = @ < ¢
LX {Sgerm} 18 interpreted as the total order on O, and m”x is the unique maximal

ideal m of Ogp.

Interpret the unary function symbol {(—) > 0} as the map Cs. (X) — Lx
given by f —— {f > 0}, and for each half-branch § of X, interpret the unary
function symbol [(—)]s as the germ map Cs, (X) —» Og given by f — [f]s.
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Here is a diagrammatic view of the 3-sorted structure .#x:

(Lx,C,U4,M,T,1)

{(=) =0}

(Csa(X)7 +, —, 07 S; V, A, {f ' (_)}fECs.a.(X))

{[(=))s | Ba hm»

(OPw +, =, '707 L Svm)

The statement for .#x analogous to the Shen-Weispfenning theorem would be
that .#x eliminates quantifiers relative to the space and germ sorts; equivalently (see
Lemma 2.1.7), that every Zx-formula is equivalent modulo .#x to an Zx-formula
without home quantifiers. Unfortunately, this is not true as stated. The issue is that
in order to eliminate home quantifers in .Zx-formulas modulo .#x one cannot avoid
using parameters for elements in the space and germs sorts as shown in Proposition
3.1.6 below, and these parameters are not part of the language Zx. Therefore to
obtain the desired relative quantifier elimination result one must enrich the language
Zx with constants for the elements in the lattice of zero sets Ly and the elements in

the ring of germs Og, see Subsection 3.1.2.

Example 3.1.5. Let f € Cs, (X). The zero set {f = 0} € Lx is definable in .Zx by
the formula Jz(L = {x <0} M{f 2z =0} = (), and since L is @-definable in Ly, it
follows that {f = 0} is @-definable in .#x. Similarly, for every half-branch g of X,
the germ [f]g € O is @-definable in .#Zx by the formula Jz([z]s =1 N [f - z]g = Z).

Proposition 3.1.6. There exist f,g € Cs..(X) and a half-branch § of X such that

the formulas
dr(L={x <0} M{f-2=0}=() and Fz([z]pg=1MN][g-z]pg=2) (3.2)

are not equivalent modulo M x to Lx-formulas without home quantifiers. In particular,
the 3-sorted structure M x does not eliminate quantifiers relative to the space and germ

sorts.

Proof. Assume for contradiction that every formula of the form (3.2) is equivalent

modulo .Zx to a formula without home quantifiers.
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Claim 1. Every formula of the form (3.2) is equivalent modulo .Zx to an Zxz-
formula; in particular, the sets defined by formulas of the form (3.2) are @-definable
in the ZLxy-reduct Axy, of Ax.

Proof of Claim 1. Note first that the set of sorts X is closed in .Zx (see Definition 2.1.3).
Moreover, for any Zxp-term ¢(Z), the atomic ZLx p-formulas ¢(z) > 0 and ¢(Z) = 0
are equivalent modulo .Zx to {t(Z) > 0} = T and {¢(T) = 0} = T, respectively. Since
formulas of the form (3.2) do not have free variables from the home sort, the claim
now follows by assumption and by Lemma 2.1.8. Octaim 1

By Claim 1, every set defined by a formula of the form (3.2) is a @-definable set
in the Zxy-structure .#xy. Together with Example 3.1.5 this implies that every
element in the Zxs-structure .#xx is a J-definable constant, and this is not the
case; for completeness this will be shown explicitly. By [Mar02, Proposition 1.3.5]
it suffices to find f,g € Cs, (X), a half-branch § of X, and an £y y-automorphism
a: Mxs — Mxx which does not fix {f > 0} € Lx nor [g|s € Okg.

Pick any point a € X and let 8 be a half-branch of X at a. Let C be a curve
interval of 5 (that is, a curve interval of X at a such that C' € (3, see Definition 2.3.29),
and let o : [0,1]g — C be a semi-algebraic homeomorphism such that ¢(0) = a. Set
also b := (1) and assume without loss of generality that C'Nclx (X \ C) = {a, b} (one
can always choose ¢ € (0,1) such that C"Neclx (X \C") = {a, c}, where C" := ([0, £]r)
and ¢ :=o(¢)). Let F': [0,1]g — [0, 1] be the semi-algebraic homeomorphism given
by x — 2%; then G := 0o Foo™! : C — (' is a semi-algebraic homeomorphism whose
unique fixed points are @ and b. In particular, the map H : X — X given by

H(z) = T if v € clx(X\ O)

G(z) ifzeC
is a well-defined semi-algebraic bijection. Moreover, if D C X is closed, then
H(D)=H([DNCJUDNclx(X\C)])=H(DNC)UH(DNclx(X\C))
=GDNC)U[DnNeclx(X\ O
is closed in X, and similarly H='(D) is also closed, therefore H is a semi-algebraic

homeomorphism X — X.

Claim 2. Write Lx :={{f >0} | f € Csa.(X)} and Og :={[fls | [ € Csa.(X)}. The
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maps oy : Ly — Lx and ag : Op — Opg given by

ar({f 20}) :={foH =0} and as([f]s) == [f o H]s

are an (T, 1 )-automorphism and a .£""8(< m)-automorphism, respectively.

Proof of Claim 2. Let f,g € Cs..(X). Then

{f>0={9>0} < ['(R) =g (R
= HOTU(E) = BN (R)
— (foH) ' (R*)=(go H) (R

— a({f20}) =a({g =0},

therefore «; is a well-defined injective map. Clearly «; is also surjective and it preserves

the top and bottom elements of Lx; moreover

a({f 20 U{g=20}) =ar({fvg=0}) ={(fVg)eH =0}
={(foH)V(goH) =0}
={(foH)=>0}tU{(go H) >0}
=on({f 20} Uai({g = 0})

by Remark 2.4.14, and that «; preserves binary meets follows analogously, therefore
aq is a lattice isomorphism.

To prove that ay is an Z"¢(< m)-automorphism it suffices to show that it is
a ring isomorphism, since the interpretations of < and m in Op are " "8-definable
subsets. If [f]s = [¢]s, then there exists a curve interval D of § such that fip = g;p
by Proposition 2.3.35 (iv), and since C' is also a curve interval of § it may be assumed
that D C C. By construction of H, it follows that H~'(D) = G7'(D) is also a curve
interval of 3, therefore D’ := H~'(D) is a curve interval of 3 such that (f o H);p =
fiawn = gy = (9 o H)pr, therefore [f o H|g = [g o H]z by Proposition 2.3.35
(iv), showing thus that ay is a well-defined map. A similar argument shows that as is
injective, and clearly «y is a surjective ring homomorphism, therefore this concludes
the proof. O Glaim 2

By definition of Zx |z, the pair (aj,as) is an automorphism of .#xx. Pick ¢ €
C\{a,b} and f € C;, (X) be such that f(c) = 0 and f(z) < 0 for all z € X\ {c}; then
H(c) = G(¢) # ¢ by construction of G, hence {f > 0} = {¢} # {H(¢)} = {fo H >
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0} = ays({f > 0}) and thus ay does not fix {f > 0} € Lx. Now let g € Cs, (X) be

such that g does not take the same value twice on C. Then [g]g # [go H]s, as otherwise

there would exist a curve interval D of § such that D C C and ¢;p = (g0 H)p, hence

g(d) = g(H(d)) for some d € D\ {a}, but H(d) = G(d) € C and H(d) # d by
]

construction of G, contradicting the choice of g, therefore ay does not fix [g]s. O]

3.1.2 Statement of the main theorem and proof outline

As explained at the beginning of Section 3.1, a first suitable adaptation of the Shen-
Weispfenning machinery to the lattice-ordered module Cs, (X) could be potentially
carried for the three-sorted Zx-structure .#x given in Definitions 3.1.3 and 3.1.4. On
the other hand, Proposition 3.1.6 and its proof show that the desired relative quantifier
elimination statement for .#y cannot be achieved unless the language Zx is enriched
by constant symbols for elements in the space and germ sorts. The resulting canonical
expansion .Z " of .4 x to this enriched language -£5°™" eliminates quantifiers relative

to the space and germ sorts, and this is the main theorem of this chapter:

Definition 3.1.7. Let £°™" be the enrichment of the language £x consisting of
adding constant symbols for each element in the lattice of zero sets Ly and for each el-
ement in the ring of germs Or. Space formulas with parameters are just {Sspace }-sorted
Zestformulas, in other words, space formulas in the language Zx with parameters
from Ly, and germs formulas with parameters are defined analogously. Define ./

to be the canonical expansion of .#Zx to the language £t

Theorem 3.1.8. Every L& -formula ©(Z,(, Z) is equivalent modulo AL to an
Lmst_formula of the form

3, ... 6,3 Y, |0(C Z,EY) /X\/X\@—{t ) =0} m Y =[s5(2)]s,| (W)
i=1
where
(i) &1, ..., &n are space variables and Yy, ...,Y, are germ variables,

(ii) o((, Z,€,Y) is a Boolean combination of space formulas with parameters and

germ formulas with parameters,

m) t1(2),...,tm(2) and s1(2),...,8,(2) are s.a LR/ terms, an
()t(), t () d ()7 : () G (X)modt } d
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(iv) Bi,...,Bn are half-branches of X.

In particular, every LL™ -formula (%, (, Z) is equivalent modulo L™ to an LP-
formula without home quantifiers. Equivalently, A™" eliminates quantifiers relative

to the space and the germ sorts.

The proof of 3.1.8 mimics the proof of the Shen-Weispfenning theorem using also
the formalism of Subsection 2.1.1, and it is developed in the following steps in Sections

3.2, 3.3, and 3.4:

(i) First it is shown in Lemma 3.2.6 that every -Z"*formula without home quan-

tifiers is equivalent modulo .ZF™" to a formula of the form (#).

(ii) After that, it is shown in successive steps (Lemmas 3.2.7, 3.2.8, and 3.2.9) that in
order to eliminate home quantifiers in arbitrary Z¢""-formulas modulo .Z "

it suffices to eliminate home quantifiers in formulas of the form ($§2).

(iii) This is followed by the elimination steps, which consist in showing one can elim-
inate home quantifiers modulo .Z§™" in formulas of a particular form, namely

the formulas (%) and (). This is all the content of Section 3.3

(iv) Section 3.4 ties everything together: step (i) above shows that it suffices to prove
that every .£°"*-formula is equivalent modulo .Z ™" to a formula without home
quantifiers, step (ii) shows that it suffices in turn to eliminate home quantifiers
in formulas of the form ($§.), and in Section 3.4 it is shown how to eliminate
home quantifiers in formulas of the form ($§2) using the elimination results from

step (iii).

The need for the space and germ parameters is also manifested in the simplification
steps in item (ii); in particular, germ parameters arise naturally in the proof of Lemma
3.2.8, and space parameters arise naturally in the proof of Lemma 3.2.9.

The elimination of home quantifiers in formulas (¥%) and in formulas (%) are of
different flavours. Formulas of the form (%) essentially deal with divisibility by fixed
scalars just as explained at the beginning of Section 3.1. The main idea to eliminate
home quantifiers in such formulas is to use the semi-algebraic Tietze extension theo-

rem to glue together local solutions provided by the ring of germs Op to divisibility
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problems on curve intervals of half-branches of X. On the other hand, Z¢™"formulas
of the form (%) can be regarded as analogues of the Z***""-formulas in Lemma 2.4.18
from the Shen-Weispfenning construction. The main idea to eliminate home quanti-
fiers in formulas of the form (%) is to reduce it first to eliminating home quantifiers
in simpler formulas, and then use certain conditions expressible in the space and germ
sorts to show that eliminating home quantifiers in such simpler formulas essentially

boils down to an application of Lemma 2.4.18 and Proposition 2.4.25.

3.2 Simplification steps

Lemma 3.2.1. Let A be a poring and M be an f-A-module. Let f € A and g1, 92 € M.
Iff20, then f-(g1ANg2)=Ff-aAf-g2and f-(1Vge)=Ff-qV[f-g.

Proof. If h € M, then
giNGga=h <= (g1 Ag) —h=0 < (g1 —h)A(g2—h)=0; (3.3)

in particular,
(91 — (91 A g2)l A g2 — (g1 A g2)] = 0. (3.4)

Suppose that f > 0; applying (3.1) twice to (3.4) it follows that

fla— (@A) Af-lg2— (91 Ag)] =0,

therefore

o= f - (aANgIAf-g2=f (g1 Ng2)] =0
and thus f- (g1 Ag2) = - g1 A [ - go follows by the equivalence in (3.3). The identity
f-(1Vgs)=f g1V f-gs follows from f- (g1 Age) = f g1 N [+ go together with
g1V ge) =—=[f-[(=91) A (=g2)]]- —~

Proposition 3.2.2 (cf. Exercise 6 (g) in page 135 of [Stel0]). Let A be an {-ring, M
be an f-A-module, and N C M be a sub-A-module. The sublattice of M generated by
N is a sub-A-module of M ; in particular, if S C M is any non-empty subset, then the
sub-€-A-module of M generated by S consists of the elements of M of the form

\/ /\ Gijg;

i=1j=1

where each g;; is in the sub-A-module of M generated by S.
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Proof. Let N’ be the sublattice of M generated by N; N’ is a subgroup of M by
Weinberg’s theorem (Theorem 2.4.5); therefore it suffices to show that f-g € N’ for
all f € Aand g € N'. Write g = /", \7_, gij with gi; € N for all i € [m] and j € [n];
then

frg=U"=1)- (\/ /\ g¢j> since A is an (-ring

i=1j=1

t. (\7 /”\ gij) —f - (\7 /”\ gij) since M is an A-module

i=1j=1 i=1j=1
i=1j=1 i=1j=1

Since f* - gij, f~ - g;; € N for all i € [m] and j € [n], and N’ is a subgroup of M,

f g€ N’ follows, as required. ]

Remark 3.2.3. If A is an f-ring, then every element in A=° is of the form f V 0 for
some f € A, therefore the class of /- A-modules is elementary in the language £*4-med,
Explicitly, an axiomatization for this class consists of the .Z*#P-axioms for (-groups
together with the Z4™d.axioms for A-modules and the set of Z“4™d_gsentences
{Va[r >0 —= (fVO0)-x>0]| f € A}. Similarly, the class of f-A-modules is also

elementary in the language #“4mod,

Corollary 3.2.4. Let A be an (-ring. Every £“4™d_term t(T) is equivalent modulo
the LA™ theory of f-A-modules to a term of the form Vie, /\;;1 t:i;(T), where each

ti;(Z) is an LA™ term.
Proof. Immediate from Proposition 3.2.2. O]

Lemma 3.2.5. Every Lx-formula o(%,(, Z) without home quantifiers is equivalent
modulo M x to an Lx-formula of the form

3. 6TV Y |0(C 2,6 ) M /X\g, ={t:(2) >0} J\Ys =[s,)]s, | (35)
i=1
where
(i) &1, ..., &n are space variables and Yy, ...,Y, are germ variables,

(ii) o((, Z,€,Y) is a Boolean combination of space formulas and germ formulas,
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(iii) t1(2),...,tm(Z) and 51(2),...,5,(2) are L% Emod terms  and
(iv) Bi,...,Bn are half-branches of X.

Proof. The set of sorts ¥ = {Sspaces Sgerm } 18 closed in Zx (Definition 2.1.3); moreover,
if ¢(Z) is an Zxp-term, then the atomic Zx-formulas ¢(Z) > 0 and ¢(Z) = 0 are
equivalent modulo .#x to {t(z) > 0} = T and {t(Z) = 0} = T, respectively. Since
Zx15 \ (DX 1{Spacet Y LX {Sgerm}) = D, it follows from Lemma 2.1.6 (applied to, say,
the closed sort {Sgerm} in the language Ly y;) that Ly y-formulas are Boolean com-
binations of Lx (s, ...}-formulas and Ly (s,....)-formulas, therefore, by Lemma 2.1.8,
©(%,(, Z) is equivalent to a formula ¢'(%,(, Z) of the form (3.5) which satisfies items
(i), (ii), and (iv) in the statement of the lemma, but where each of the terms ¢;(Z) and
s;(Z) are LHCsa(X)mod_topmg,

In order to obtain from ¢/(Z, (, Z) a formula of the form (3.5) satisfying all items (i)
- (iv) in the statement of the lemma, assume for notational simplicity that m =n :=1

in the conjuncts appearing in ¢'(%,(, Z) (the case for arbitrary m and n is treated

analogously), so that ¢/(Z,(, Z) is the formula
3V |0(C.Z,€Y) M E={t(Z) 2 0} MY = [s(2)]5], (3.6)

where &, Y, 0(C,Z,€,Y), and B are as in items (i), (ii) and (iv) of the statement of
the lemma, but ¢(z) and s(z) are £*%=md_terms. By Corollary 3.2.4, there exist
M, nq, Ma, g € N and L e (X)mod_termyg tij(Z) and sy (Z) such that ¢(Z) is equivalent
to ity AjL, tij(Z) and 5(Z) is equivalent to \/;2) A;2; sp (%) modulo .#x; in particular,
(3.6) is equivalent to
mi n
I |0(C 2,6 V) me= [ [{ts(2) 20} AY = max  min [su(z)]s |, (3.7)

i=1j=1 N _

-~

(*)

modulo .Zx by Remark 2.4.14 and Theorem 2.3.2 (III), where (%) is a shorthand for
the obvious .£"¢(<,m)-formula. Let &; be new space variables for each i € [m;] and

J € [n1], and let Y}, be new germ variables for each k € [my] and [ € [ny]; then (3.7)



CHAPTER 3. THE LATTICE-ORDERED MODULE Cs, (X) 88

is equivalent to

mi ni

33V W |0(C Z, &) me =] |[ |65 MY = max min Vi m

‘ , 1<k<mg 1<i<ng
i=1j5=1

/X\ /X\Su = {t;;(z) = 0} A /X\ /X\Ykz [s1(Z (3.8)

=1 j=1 k=1 =1

modulo .#x, and clearly (3.8) is a formula of the form (3.5) satisfying all items (i) -

(iv) in the statement of the lemma, as required. O

Lemma 3.2.6. Every L -formula ¢(Z, (, Z) without home quantifiers is equivalent

modulo AMF™ to an L™ -formula of the form (#).
Proof. Analogous to the proof of Lemma 3.2.5. O

Lemma 3.2.7. Suppose that every Lx-formula of the form
Jx /X\fz—{tzx >0}/)<\/X\Y [s;(Z, )]s (%)

is equivalent modulo ML to an L -formula without home quantifiers, where
(i) x is a home variable;
(ii) &, ..., &n are space variables and Yy, ...,Y, are germ variables;
(iii) t1(Z,2),...,tm(Z,2) and 5,(Z,2),...,5,(Z, ) are L= X)md_terms: and
(iv) B1,...,Bn are half-branches of X.

Then every L -formula is equivalent modulo AL to an L™ -formula without

home quantifiers.

Proof. This follows by writing Z5"'-formulas in prenex normal form and then in-
ducting over home quantifiers using Lemma 3.2.6; see the proof of Proposition 2.1.9

or the proof of Theorem 2.4.29. O

Lemma 3.2.8. Suppose that that every Lx-formula of the form
| M\ &= (G2 = 0p m MY = [ (%)
i=1 j=1

is equivalent modulo M to an L -formula without home quantifiers, where
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(i) x is a home variable;
(ii) &, ..., &n are space variables and Yy, ...,Y, are germ variables;
(iil) t1(Z,2),. .., tm(Z,7) are L= X)mod terms: and
(iv) B1,-.., Bn are half-branches of X.

Then every £ -formula is equivalent modulo A F™ to an L™ -formula without

home quantifiers.

Proof. Let ¢(%,£,Y) be an Zx-formula of the form ($§); by Lemma 3.2.7 it suffices
to show that (%,€,Y) is equivalent modulo .ZF™" to an ZL™ -formula without

home quantifiers. For each j € [n] there exists f; € Csa(X) and an £ (X)-mod.

term s%(Z) such that s;(z,x) = s4(2) + f; - z, and since [~]g, : Cia(X) — Op is

a ring homomorphism, ¢(%,£,Y) is equivalent to the formula (with germ parameters

[fils, € Or for j € [n])
3y 'er(/)(\yj = [s5@)s; + [fi]s, Y5 A
=1

/X\€z ={t;(z,z) > 0} M /X\Y;’ = [x]gj] )

©'(z£Y7)

dx

The formula ¢/(%,£,Y7) is of the form ($§,), therefore it is equivalent to an 2t

formula without home quantifiers by assumption, from which it follows that so is

©(Z,€,Y), as required. -

Lemma 3.2.9. Suppose that that every Lx-formula of the form
Ju /X\& ={fi-z>2tZ=)} N /X\Y}‘ = [z]g, (362)
i=1 j=1

is equivalent modulo ML to an L -formula without home quantifiers, where

(i) x is a home variable;

(ii) &1, ..., &n are space variables and Yy, ..., Y, are germ variables;

(iii) t1(2), ..., tm(Z) are L% X)rmod_terms.
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(iv) fi € Csa(X) are scalar functions such that f; >0 or f; <0 for all i € [m]; and
(V) Bi,...,Bn are pairwise distinct half-branches of X .

Then every L -formula is equivalent modulo A" to an L™ -formula without

home quantifiers.

Proof. Let ¢(%,£,Y) be an Zx-formula of the form ($§,); by Lemma 3.2.8 it suffices to
show that (Z,€,Y) is equivalent modulo .ZL™ to an ZL*formula without home
quantifiers. Suppose that there exists jo € [n] and @ # S C [n] \ {Jjo} such that

Bj, = B; for all j € S; then (z,€,Y) is equivalent to
MY =Y, A 3z /X\fl—{tzx>0}/x\/X\Y ,
j€S JES

from which it follows that it can be assumed that all half-branches 3; appearing as
germ function symbols [—]g, in ¢(Z, £,Y) are pairwise distinct. For each i € [n] there
exists f; € Cya (X) and an L% (X)mod_term ¢/(%) such that t;(Z,2) = —t4(2) + f; - =,
therefore {t;(z,z) > 0} = {f; -« > t}(Z)}. Note that for each i € [n], the formula

= {f;-x > ti(2)} is equivalent modulo .ZF"" to the conjunction of the formulas

(With space parameters {f; > 0},{f; <0} € Lx)
i) &N{fi>0}={(fiv0) -z >t(Z)}N{f; >0}, and
(i) &GN{fi <0} ={(fin0)-z>t(z)}N{fi <0}

It follows that ¢(%,£,Y) is equivalent modulo .ZF™* to the £t -formula

3§_+3€_</X\€m{fi20}=£fﬂ{fiZOM/X\&H{f@-go}:@ﬂ{fiSO}m

=1 i=1

EIx[/X\§+ {(fiv0)-z>t(z }m/x\g— {(fi NO) -z > t(Z)} m

/X\Y; = [$]ﬁJ])

The formula ¢(Z, £+, £F,Y) is of the form ($§.), therefore it is equivalent to an 2"

(8

formula without home quantifiers by assumption, from which it follows that so is

©(Z,€,Y), as required. -
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3.3 Elimination steps

3.3.1 Eliminating home quantifiers in formulas (%)

Lemma 3.3.1. Let f,g € Cs..(X), Fi,...,F, € Og, and [31,..., [, be half-branches
of X at by, ..., by, respectively. Let also {ay,...,an} = Ox({f = 0}). The following

are equivalent:

(1) There exists h € Cs, (X) such that g = f - h and F, = [hlg, for alll € [n].

(i) {f =0} C{g =0}, [9]lg, = [flgF1 for all | € [n], and there exists hy € Cs.(X)
and £ > 0 such that e, B.(a;) C{g=f-ho} and F, = [ho]s, for all | € [n].

Proof. The implication (i) = (ii) is obvious, so suppose that (ii) holds and let hg €
Csa.(X) and € > 0 witness this. Since [g]s, = [f]s F1 = [fls[hols, = [f - hols,, for each
[ € [n] there exists a curve interval C; of §; such that C; C {g = f - ho} by Proposition
2.3.35 (iv). Define Dy := J;cp, B.(a;) U Uie €1 and hy := hojp,, noting that Dy C
{910, = fip,-h1}. It now suffices to find h € Cy, (X) such that hip, = hy and g = f-h,
since for any such h one has hi¢, = hijc, = hoje, and hence [h]g = [hols, = F) for all
l € [n].

Let Dy := Dy U {f = 0}. By the semi-algebraic Tietze extension theorem (see
Theorem 2.3.17) there exists hy : Dy — R continuous and semi-algebraic such that
haip, = hy. Since {f = 0} C {g = 0}, it follows by choice of hy that Dy C {g;p, =
fip, - ha}. Let now Ds := cly(X \ Ds). Since clx (X \ Dy) = X \ intx(D,), it follows
that D3N {f = 0} = @: indeed, if a € {f = 0}, then either a € intx({f = 0}), in
which case a € intx(D3), or a € Ox({f = 0}), in which case a = a; for some i € [m]
and thus a € intx(D;) C intx(D5). In particular, the function hy : D3 — R defined
by hs(z) := g(z)/f(z) is well-defined, continuous, and semi-algebraic. To conclude,

note that X = Dy U D3 and define h: X — R by

M) — ho(z) if x € Dy

hs(z) if x € Ds.
If x € Dy N D3, then f(z) # 0 by the above and hs(x) = g(z)/f(x) by definition of
hs, and also g(z)/f(x) = (f(z)ha(x))/ f(x) = ha(z) since Dy € {gip, = fip, - ha}. 1t
follows that h € Cs, (X) and it satisfies h;p, = hy and g = f - h by construction, as

required. O]
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Lemma 3.3.2. Let f,g € Cs..(X), Fi,...,F, € Og, and By, ..., 5, be pairwise dis-
tinct half-branches of X centred at by, ..., b,, respectively. Let also {aq,...,an} =
Ox({f = 0}), and for each i € [m], let v;1,...,%n; be all the half-branches of X at

a;. The following are equivalent:

(I) There ezists hg € Cs,.(X) and € > 0 such that | B:(a;) C{g=f-ho} and

Fy = [holg, for alll € [n].

1€[m]

(IT) The following conditions hold:

(i) For allly,ly € [n], if by, = by, then F};, — F, € m.

(ii) There exist H;; € O for alli € [m] and all j € [n;] such that the following

conditions hold:

(a) For alli € [m], and all j1,js € [n], Hij, — Hij, € m.

(b) For alli € [m] and all j € [ni], [g]y,, = [fl~, Hij-

(c) Foralli € [m], all j € [n], and alll € [n], if vij = By, then H;; = F.

Proof. (I) = (II). If I;,l> € [n] and b, = by, then [, and F;, are two half-branches
of X centred at the same point, therefore F;, — F}, = [hq] By, — (7] 5, € m follows by
Proposition 2.3.35 (ii). Set H;; := [hql,,, for all i € [n] and all j € [n;]. Then (a)
holds by the same argument as above, and (c) holds trivially. To prove that (b) holds,
pick ¢ € [m] and j € [n;]. Then, choosing a smaller € > 0 if necessary, there exists a
connected component U of B.(a;) \ {a;} such that C := clx(U) is a curve interval of
7i.5; such curve interval satisfies C' C {g = f - ho}, which implies by Proposition 2.3.35
(iv) that [gh, = [ Aol = [Fl, o, = [Floe, Hig. 58 required.

(II) = (I). Let H;; € Og be as in item (ii). For each [ € [n], let f; € Cs, (X) be
such that F; = [fi]s,, and for all i € [m] and all j € [n;] let h;; € Cs, (X) be such that
H;j = [hy]y, ;. In particular, by Proposition 2.3.35 (iv) items (b) and (c) respectively

imply that:

(b”) For all ¢ € [m] and all j € [n;], there exists a curve interval C;; of v;; such that

Cij C{g=f-hij}.

(¢’) For all i € [m], all j € [n;], and all [ € [n], if 7;; = F, then there exists a curve
interval C;; of v;;, = [ such that C;; C {h;; = fi}.
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It follows that by choosing small enough curve intervals, there exist curve intervals

C;j of v;; and curve intervals C; of 3; such that all the following conditions hold:
1. For alli € [m] and all j € [n;], C;; € {g = f- hi}.

2. For all i € [m], all j € [n;], and all I € [n], if v;; = F, then C;; = C; and
Cij = Cr C{hij = fi}.

3. It Iy, Iy € [n] and by, = by, then Gy, N Cy, = {b,} = {by}.

4. If ly,15 € [n] and by, # by, then C;, N C, = @.

5. For all i € [m], if j1, j2 € [n;] are such that j; # ja, then Ci;, N Cyj, = {a;}.
6. For all ¢,i" € [m], if i # ¢, then C;; N Cyjy = @ for all j € [n] and all j' € [n/].
7. For all i € [m] and all [ € [n], if a; # by, then C;; N C; = @ for all j € [n,].

Let D; := Uje[ni] C;; for each i € [m], and let E := Ule[n] C,. Define h; : D; — R
by hi(z) := hyj(z) if z € Cj; and hg : E — R by hg(z) := fi(z) if z € ). For each
i € [m], if z € C;5, NCyj, for some ji, jo € [n;] such that j; # jo, then x = a; by item 5
, and hyj, (a;) = hij,(a;) by item (a) and Proposition 2.3.35 (ii), therefore h; : D; — R
is continuous and semi-algebraic. Similarly, if x € C;, N C), for some [y, ls € [n] such
that 1 # Iy, then © = b, = by, by items 3 and 4, and f;, (b,) = fi,(b,) by item (i)
and Proposition 2.3.35 (ii), therefore hg : E — R is continuous and semi-algebraic.
Set D =
it follows that hp : D — R defined by hp(x) := h;(z) if € D; is continuous and

D;. Since D; N Dy = & for all i,i" € [m] such that i # ' by item 6,

eEm

semi-algebraic.

Define h' : DUE — R by h/(z) := hp(z) if x € D and W (x) := hg(z) if x € E.
If x € DN E, then there exists i € [m], j € [n;], and [ € [n] such that z € C;; N Cj;
by item 7 it follows that a; = 0;, and since 7;1,...,7;,, are all the half-branches of
X at a; and §; is a half-branch of X at b, there exists j° € [n;] such that v, = .
If j/ = j, then v;; = G, therefore C;; = C; and hp(z) = hij(x) = fi(z) = hg(x) by
item 2. If j* # j, then C;y = C; and h;y(z) = fi(x) = hg(x) by item 2; moreover,
Ciy = Cpand x € C;;NC) together imply « = a; by item 5, therefore hp(z) = hyj(a;) =
hij(a;) = hij(x) = hg(x), where h;;(a;) = h;j(a;) holds by (a) and Proposition 2.3.35

(ii). Altogether, this shows that A’ : D U E'— R is continuous and semi-algebraic.
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Pick any hg € C,.(X) extending h' (see Theorem 2.3.17). For each ¢ € [m], the
set D; is a neighbourhood of a; in X by construction, therefore there exists ¢ > 0 such
that B.(a;) C D; for all i € [m]. Since hy extends h;; on each Cj; and Uie[m} B.(a;) C
Uicim) Ujepn, Cij by construction, it follows by item 1 that (Jc,, B.(a;) C{g=f-ho};
since hg extends f; on each C, it follows that C; C {hg = fi}, hence [ho|s, = [fils = F1

by Proposition 2.3.35 (iv), as required. O

The condition (II) (ii) (c¢) in Lemma 3.3.2 involves an equality of half-branches of
X. Two half-branches 5; and 5 of X are equal if and only if their corresponding prime
filters fg, and fg, in the lattice Lx are equal (see Definition 2.3.33). In what follows
it will be shown that each prime filter of Lx of the form fg for a half-branch 5 of X
is definable in Lx with parameters, making thus the statement 5, = 5 expressible in

the lattice Lx.

Lemma 3.3.3. For every a € X, the set of curve intervals of X at a is {a}-definable
in the (T, L)-structure Ly, where a:= {a} € Lx.

Proof. Note first that the set of atoms of Ly is defined by the formula (in the free
variable ()

C#FLAVEE#FLANEECQ) =& =],

and the set of those C' € Lx which are semi-algebraically connected in X is defined

by the formula (in the free variable ()

VEaLI(G #LALMNEME =LA (=6UE) = ((=6 W =8).

It follows from Lemma 2.3.31 and its proof that the set of those C' € Lx which are
curve intervals of X at a is defined by the formula (with parameter a and in the free
variable () expressing: “( is semi-algebraically connected, a C (, and there exists an
atom b € Lx contained in ¢ and distinct from a such that ¢ is minimal in Lx amongst

those semi-algebraically connected D € Lx with a,b C D”. O]

Remark 3.3.4. The proof of Lemma 3.3.3 shows that the set of all curve intervals of
X is an @-definable subset of Lx. In [Trel7, Section 4] is given another £ (T, 1)-
formula without parameters which defines the set of all those C' € Lx which are curve

intervals of X.
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Definition 3.3.5. Fix a curve interval Cg of § for each a € X and each half-branch
B of X at a. Define the (T, L)-formula PrimFs(¢) with parameters {a, Cs} to be

the one expressing: “there exists a curve interval C' of a contained in Cs such that

C E C-”

Lemma 3.3.6. Let a € X and § be a half-branch of X at a. The formula PrimFg(()
with parameters {a,Cg} defines the prime filter fg ={C € Lx | C € B} in Lx.

Proof. Let D € Lx, suppose first that Lx = PrimFs(D), and let C' € Lx be a curve
interval witnessing this. Then C' and C3 have the same germ at a, therefore C' €
and hence C' € fg; since C' C D and f3 is a filter of Lx, D € fg follows. Conversely, if
D € fg then D € 3, and since 3 is a half-branch of X at a, there exists a curve interval
Cp of B such that Cy C D by Lemma 2.3.28, from which it follows that there exists a
curve interval C of 3 contained in CyNCjg, and such C witnesses Lx = PrimFg(D). O

Corollary 3.3.7. Let f € Cs,.(X) and let By, ..., B, be pairwise distinct half-branches
of X centred at by, ..., by, respectively. Let also {aq, ... ,a,} = dx({f =0}), and for
each i € [m], let i1, ..., Vin, be all the half-branches of X at a;. The Lx-formula (in
free variables y,Y;, ..., Y,)
Sl (y =f-zmn \Yi= [wh) (3.9)
1=1

is equivalent modulo AL to the formula

I3z <¢(C777 Y, Z) W ¢ ={y =0} A\ Y/ = [yls M
=1

M\ N Zis = [y]%,) (3.10)

i€lm] j€[ni]
where (C,Y,Y", Z) is the L™ -formula

{fZO}EC/X\/X\YY:[f]ﬁzYz/X\ /X\ bll :bl2—>m(}/ll_Y22>/X\

le[n) l1,l2€[n]

(/><\ M\ 5z, - Z,) m

1€[m] j1,j2€[n4]

/X\ /X\ ZZ] = ’ng zg

i€[m] j€[ni]

/X\ /X\ /X\Vﬁ(PrimF%j (€) < PrimFg (§)) — Z;; = Y})

i€[m] j€[n;] l€[n]
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Proof. The formula (3.10) is equivalent to the formula

{f_O}E{y_O}/X\/X\ BZY/X\ /X\ bl1_bl2_>m<yl1_}/lz)/x\

ZE[ ] ll,lge[n]

(/X\ M 8z, - Z,)

i€[m] j1,j2€[n4]

/X\ /X\ [y]'\/ij =[f %gZz/g

i€[m] je[ni]

I\ 0\ N\ Ve(BriaE, (6  Priak (€) - Z, - n).

i€[m] j€[n;] l€[n]

and this latter formula is clearly equivalent to (3.9) by Lemma 3.3.1 and Lemma

3.3.2. ]

Proposition 3.3.8. Let f € C5.(X) and let 5y,...,B, be pairwise distinct half-
branches of X. The Lx-formula (in free variables y,Y,...,Y,)

T (yzf-mﬁ(\yl: m&) (k1)

is equivalent modulo AL to a formula of the form
Eleg (w(c,?, VYym¢={y=0rn M\Y = [ym) : (3.11)
=1

where ¥((,Y,Y") is a Boolean combination of space formulas with parameters and

germ formulas with parameters, and By, ..., B, are pairwise distinct half-branches.

Proof. For each | € [n], let b; be the point at which f; is centred. Let {ai,...,a,;,} =
Ox({f = 0}), and for each i € [m], let v;1,...,7mn, be all the half-branches of X at a;.
By Corollary 3.3.7, the formula (%) is equivalent to

3<3ﬁ7<w<<,?,?, Z)mC={y=0ym Y =
=1

/X\ M Z; = w), (3.12)

m] j€[n;]

where ((,Y,Y’, Z) is the ZF™ -formula defined as in Corollary 3.3.7. Let S be the
set of triples (4, j,[) such that ,; = 5, and T be the set of those [ € [n] for which there
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does not exist ¢ € [m] and j € [n;] such that (i,7,1) € S; then (3.12) is equivalent to
()
agaﬁai(w(g,?, V.zZym M\ Zy =Y/
(i,j,)€S

C={y=0rm MY =MWls n N\ N\ % = M%j)? (3.13)

leT i€[m] jelni]

and 7;; and [, are pairwise distinct half-branches of X for all i € [m], j € [n;] and
[ € T. The formula (x) is a (£5°"")g-formula, therefore it is equivalent to a Boolean
combination of space formulas with parameters and germ formulas with parameters
by Lemma 2.1.6 (see also the proof of Lemma 3.2.5), from which it follows that (3.13)

is equivalent to a formula of the form (3.11). O

3.3.2 Eliminating home quantifiers in formulas (%)

Lemma 3.3.9. Let Fy,..., F, € Og, and (1,..., 3, be pairwise distinct half-branches
of X at by,...,b,, respectively. Suppose that for all ly,ly € [n], if b, = by, then
F, — F, € m. Then for all hy, ..., h, € Cs.(X) such that [h|s = F there exist curve
intervals Cy,...,Cy, of B, ..., By (respectively) and h € Cs, (X) such that C; C {h =
hi} for alll € [n].

Proof. For each | € [n], pick hy € Cs, (X) such that F; = [ and a curve interval

l

C; of ;. Since (y, ..., [, are pairwise distinct, one may choose the curve intervals C;
such that C;, N Cy, = {b,} = {by,} if b, = by,, and C;, N Cy, = & if b, # b, for all
l1,15 € [n] such that [; # l5. Define hy : Ule[n} C; — R by ho(x) := hy(z) if z € C;. If
l1,ly € [n] are such that [; # [y and z € C;, N Cy,, then © = b, = by, by choice of the

curve intervals Cj, therefore

huy () = by (by) =y (by) < By () = Py (),

where (x) follows from [hy, |5, —[hi,], = Fi, — Fi, € m and Proposition 2.3.35 (ii). This
shows that hy : Ule[n} C} — R is continuous and semi-algebraic. Let h € Cy, (X) be
any continuous semi-algebraic extension of hg; then h satisfies C; C {h = h;} for all

[ € [n], as required. O

Lemma 3.3.10. Let f,g € Cs..(X), D1,Dy € Lx, Fi,...,F, € O, and B4, ..., B

be pairwise distinct half-branches of X at by, ..., b,. The following are equivalent:
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(I) There ezists h € Csa (X) such that

DiC{h= Y M DyC{h< g} m N\ F = Ay,
=1

(IT) The following conditions hold:

(i) For allly,ly € [n], if by, = by, then F), — F, € m.
(iii) For alll € [n], the following conditions hold:

(a) If Dy € fg,, then F; > [f]s-
(

(c
(d) If Dy ¢ §s, and b, € Do, then Fi/m < [g]g,/m.

)
b) If Dy ¢ fs, and b, € Dy, then F;/m > [f] /m.
) [fDQ S fﬂw then I < [g]ﬁz'

)

Proof. (I) = (II). Pick Iy, € [n] and suppose that b;, = b;,; then 3;, and §;, are two
half-branches of X centred at the same point, therefore Fy, — Fi, = [h]g, — [h]s, € m
by Proposition 2.3.35 (ii) and thus (i) holds. Also, Dy N Dy C{h > f}N{h < g} C
{f < g}, therefore (ii) holds. Fix now [ € [n]. If D; € fg,, then by Lemma 2.3.28 there
exists a curve interval C' of §; such that C' C D, therefore C' C {h > f} and thus
F, = [hls, > [f]s by Proposition 2.3.35 (iv); this shows that (a) holds, and (c) holds
analogously. If Dy ¢ §5, and b, € Dy, then b, € {h > f}, therefore h(b;) > f(b;), and
thus Fj/m = [h]g,/m > [f]s,/m by Proposition 2.3.35 (ii); this shows that (d) holds,
and (d) holds analogously.

(IT) = (I). For each [ € [n], pick h; € Cs, (X) such that F; = [h]g,. By item (i)
and Lemma 3.3.9 there exist curve intervals C1, ..., C! of 51,..., 5, (respectively) and
B € Csa(X) such that C] C {h' = h;} for all I € [n]. It now suffices to prove that
there exist curve intervals C1, ..., C, of f1, ..., B, (respectively) and h € Cy, (X) such
that

Dy C{h>f M Dy C{h<g}tm X\Ci C{n =h},

l€[n]
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that is, such that

(Dlg{hZfM/X\Clg{hZh’})m

l€[n]

(ng{hgg}/x\/)(\clg{hgh’})

l€[n]
Indeed, if such C4,...,C, and h exist, then C; N C; € F; for each | € [n], hence there
exists a curve interval C} of f; such that C]' C C] N C; by Lemma 2.3.28, therefore
C/ C{N =} N{h =h} C{h = W}, hence [h]g, = [l]s, = FI by Proposition 2.3.35
(iv). By Lemma 2.4.18, it suffices in turn to show that there exist curve intervals

Ci,...,C, of B1,..., B, such that all the conditions below hold:

1. There exists h € Cs,.(X) such that D; C {h > f} and Dy C {h < g}.
2. For all [ € [n] there exists h € C;, (X) such that

Dy C{h>f} and C; C{h <Hh'}.

3. For all [ € [n] there exists h € C, (X) such that

CyC{h>h'} and D, C{h < g}.

4. For all lj,ly € [n] there exists h € Cs, (X) such that C;; € {h > '} and
C, C{h <h'}.

Item 1 holds by item (ii) in the statement of the lemma and Proposition 2.4.25 (I), and
item 4 holds trivially for any choice of curve intervals by taking h := h’. It therefore
remains to show that there exist curve intervals C4,...,C, of pi,..., [, such that
conditions 2 and 3 above hold. In turn, this is equivalent to showing that for all [ € [n]
there exists a curve interval C; of §; such that the following two conditions hold for

Cll
2. There exists h € Cs,.(X) such that D; C {h > f} and C; C {h < h'}.
3’. There exists h € Cy, (X) such that C; C {h > A’} and Dy C {h < g}.

By Proposition 2.4.25 (1), it suffices to prove that for all [ € [n] there exists a curve

interval C; of (3, such that

Cl N D1 Q {f S h/} and C[ N D2 g {h/ S g} (*)
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For what follows, recall that C] C {h’ = h;} for all [ € [n], so that in particular

[h']g, = [l]g = Fi. Fix [ € [n]; then exactly one of the following situations holds:

- D € f3,. In this case there exists a curve interval I of §; such that I C DiN{f <
h'} by item (a); in particular I N Dy C {f < h'}.

- Dy ¢ §p, and b; € D;. In this case there exists a curve interval I of §; such that
IND; ={b} and b € {f < h'} by item (b); in particular I N Dy C {f < K'}.

- by ¢ D;. In this case exists a curve interval I of /5 such that I N D; = &; in
particular I N Dy C {f < h'}.

In either of the cases above there exists a curve interval I of 3, such that I N D; C
{f < h'}. Similarly, there exists a curve interval J of 5, such that J N Dy C {h' < g}
appealing this time to items (c) and (d). Since INJ € f, there exists a curve interval
C; of 5 such that C; C I N J; such curve interval satisfies (), and this concludes the

proof. O

Lemma 3.3.11. Let f,g € Cs.a‘(X), Dy,Dy € Lx, Fy,...,F, € Og, and By,...,0,

be pairwise distinct half-branches of X at by, ...,b,. The following are equivalent:

(I) There exists h € Cso.(X) such that

{(h<fy<DimDyC{h<gtn N\ F = s
=1

(IT) The following conditions hold:

(i) For allly,ly € [n], if by, = by, then F;, — F, € m.
(ii) D2N{g < f} € Dr.
(iii) For alll € [n], the following conditions hold:
(a) IfFl [ ]517 then Dy € fﬂz’
(b) If Fi/m < [f],/m, then b, € D;.
(c) If Dy € fs,, then F; < [g]g,.
(d) If Dy ¢ §5, and b, € Do, then Fi/m < [g]g,/m.

(iv) There exists D} € Lx such that the following conditions hold:



CHAPTER 3. THE LATTICE-ORDERED MODULE Cs, (X) 101

(a) DiUDy =X and D) N Dy C{f <g}.
(b) For alll € [n], the following conditions hold:
(a’) If Dy € fa,, then F; > [fls,.
(b)) If D ¢ fs, and b, € D}, then F,/m > [f]s/m.

Proof. (I) = (II). Item (i) holds using the same argument as in the proof of (I) = (II)
(i) in Lemma 3.3.10. Also, DoN{g < f} C{h <g}n{g < f} C{h < f} C Dy,
therefore (ii) holds. Fix [ € [n]. If [h]g = F; < [f]s,, then there exists a curve interval
C of f; such that C' C {h < f} C D; by Proposition 2.3.35 (iv), therefore Dy € fg,
and thus (iii) (a) holds. Similarly, if [h]g/m = EF}/m < [f]g,/m, then h(b;) < f(b;) by
Proposition 2.3.35 (ii), therefore b, € {h < f} C Dy, and thus (iii) (b) holds. Items
(iii) (c) and (iii) (d) hold using the same arguments as in the proof of (I) = (II) (iii)
in Lemma 3.3.10. Define D} := {h > f}. Then D} UD; D {h > flU{h < f} =X
and D) N Dy C{h > f}n{h < g} C{f < g}, therefore (iv) (a) holds. Item (iv) (b)
holds by the same arguments used to show that items (iii) (c¢) and (iii) (d) hold.

(II) = (I). For each [ € [n], pick h; € Cs, (X) such that F; = [h]g. By item (i)
and Lemma 3.3.9 there exist curve intervals C1, ..., C! of f1,..., B, (respectively) and
h' € Csa(X) such that C] C {h' = h;} for all [ € [n]. Using the same argument as
in the proof of Lemma 3.3.10, it now suffices to prove that there exist curve intervals

Ci,...,C, of By, ..., By (respectively) and h € Cs, (X) such that

{h<fyCDimDyC{n<gtm \C C{W=n}

l€[n]

that is, such that

MNCC{h=n}| n{h<f}CDim

l€[n]

DyC{n<gym N\CC{n<n'})

le[n]
By Lemma 2.4.18, it suffices in turn to show that there exist curve intervals C1, ..., C,

of By,..., B, such that all the conditions below hold:
1. For all [ € [n] there exists h € C;, (X) such that

CyC{h>h'} and D, C{h < g}.
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2. For all l;,ly € [n] there exists h € Cs,(X) such that C;, € {h > h'} and
C, C{h <h'}.

3. There exists h € Cs, (X) such that {h < f} C D, and Dy C {h < g}.

4. For all [ € [n] there exists h € Cy, (X) such that

{h<f}C Dy and C, C{h<h'}.

Item 2 holds trivially for any choice of curve intervals by taking h := A/, and item 3
holds by Proposition 2.4.25 (II) appealing to items (ii) and (iv) (a) in the statement
of the lemma. It therefore remains to show that there exist curve intervals C1,...,C,
of B1,..., B, such that conditions 1 and 4 above hold. In turn, this is equivalent to
showing that for all [ € [n] there exists a curve interval C; of §; such that the following

two conditions hold for Cj:
I’. There exists h € Cs,.(X) such that C; C {h > h'} and Dy C {h < g}.
4’. There exists h € Cy, (X) such that {h < f} C Dy and C; C {h < h'}.

By items (I) and (II) of Proposition 2.4.25 it suffices to prove that for all [ € [n] there

exists a curve interval C) of (; such that
CiNDy C{h <g}, Cn{W < f} C Dy, and D)NC, C{f <h}. (%)

For what follows, recall that C] C {h’ = h;} for all [ € [n], so that in particular

[h']s, = [l]g = Fi. Fix [ € [n]; then exactly one of the following situations holds:

- {W < f} € fp,. In this case F; < [f]s,, therefore by item (iii) (a) there exists a
curve interval I of 8 such that I C {h' < f}NDy; in particular IN{h’ < f} C D;.

- {W < f} ¢ f5 and b € {h < f}. In this case there exists a curve interval I of
B such that I N{h < f} = {b}. Also, F;/m < [f]s/m, therefore b, € D; by
item (iii) (b); in particular I N {h' < f} C D;.

- b ¢ {M < f}. In this case exists a curve interval I of §; such that I N {h" <
f} = @; in particular I N{K < f} C Dy.
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In either of the cases above there exists a curve interval I of ; such that I N{h’' <
f} € D;. Using analogous arguments, there exists a curve interval I’ of /3; such that
DinI' C{f <h'} appealing to items (a’) and (b’), and there exists a curve interval
J of f; such that J N Dy C {h < g} appealing to items (iii) (c¢) and (iii) (d); see also
the end of the proof of (II) = (I) of Lemma 3.3.10. Since I'N I N J € [3, there exists
a curve interval C; of §; such that C; C I’ 1IN J; such curve interval satisfies (%), and

this concludes the proof. O]

Lemma 3.3.12. Let f,g € Cs..(X), D1,Dy € Lx, Fi,...,F, € Or, and B4, ..., B,

be pairwise distinct half-branches of X at by, ...,b,. The following are equivalent:

(I) There ezists h € Cso.(X) such that

DlQ{hZf}/X\{hZQ}QDQ/X\/Si\Fl:[h]ﬁz'

=1

(IT) The following conditions hold:
(i) For allly,ly € [n], if by, = by, then F}, — F, € m.
(ii) D1N{g < f} C Ds.
(iii) For alll € [n], the following conditions hold:
a) If F; > [gls,, then Dy € fg,.

(¢) If Dy € fg,, then F} > [f]s

IR

(a)

(b) If Fi/m > [g]g,/m, then b, € Ds.
)
)

(d) If Dy ¢ §s, and by € Dy, then Fi/m > [fl]g,/m.
(iv) There exists Dy € Lx such that the following conditions hold:
(a) DyUDy =X and DyN Dy C{f <g}.
(b) For alll € [n], the following conditions hold:
(a’) If Dy € fa,, then F; <|g]g,-
(b") If Di ¢ fg, and b, € DY, then Fj/m < [g]s, /m.

Proof. Ttem (I) is equivalent to the statement that there exists h € C;, (X) such that

{hﬁ—g}gDQ/X\Dlg{hﬁ—f}/X\/)n(\—Fl:[h]Bn

=1

and this statement is easily seen to be equivalent to item (II) by Lemma 3.3.11. [



CHAPTER 3. THE LATTICE-ORDERED MODULE Cs, (X) 104

Lemma 3.3.13. Let f,g € Cs..(X), D1,Ds € Lx, F1,...,F, € Og, and B4, ..., By

be pairwise distinct half-branches of X at by, ...,b,. The following are equivalent:

(I) There ezists h € Csa.(X) such that

{h< £y S D M h> g} € Dy N\ Fi=[hls

=1

(IT) The following conditions hold:

(i) For allly,ly € [n], if by, = by, then F), — F, € m.
(ii) For alll € [n], the following conditions hold:

a) If F; < [ ],3” then D Efﬂl'

(a)
(b) If Fi/m < |[f]g,/m, then b, € D;.
(C) If Fy > [ ]517 then Dy € f:-
(d) If Fi/m > [g]g,/m, then b, € Ds.
(iii) There exist D7, D} € Lx such that the following conditions hold:

(b) DN {g < f}C Dy and Dy {g < f} C Dy.
() DinDy C{f <g}.
)

(d) For alll € [n], the following conditions hold:

)

(a) ]fDi € fg,, then Iy > [f]ﬁz'
(b’) If D} ¢ fp, and b, € D}, then Fj/m > [f]s, /m.
(c") If D} € 3, then F; < [g]s,-

)

(d) If Di ¢ fg, and b, € DY, then Fj/m < [g]s, /m.

Proof. (I) = (II). Item (i) holds using the same argument as in the proof of (I) =
(IT) (i) in Lemma 3.3.10, and item (ii) holds using the same argument as in the proof
of (I) = [(II) (iii) (a) & (II) (iii) (b)] in Lemma 3.3.11. Define D] := {h > f}
and Df := {h < g}; the proof that item (iii) holds for this choice of D}, D} € L,
is straightforward using the same arguments as in the proofs of the aforementioned
lemmas.

(II) = (I). For each [ € [n], pick h; € Cs, (X) such that F; = [h]g,. By item (i)

and Lemma 3.3.9 there exist curve intervals C1, ..., C! of f1,..., B, (respectively) and
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h' € Csa(X) such that C] C {h' = h;} for all [ € [n]. Using the same argument as
in the proof of Lemma 3.3.10, it now suffices to prove that there exist curve intervals

Cy,...,Cpof By,..., B, (respectively) and h € C;, (X) such that

{h< fy S Dim{h=g}y S D \Cr S {1 =h},

le[n]

that is, such that

MNCS{h=n}| n{h<f}CDim

l€[n]

MG S{n<h}| n{h>g}C D,

l€[n]

By Lemma 2.4.18, it suffices in turn to show that there exist curve intervals C1, ..., C,

of By,..., B, such that all the conditions below hold:

1. For all ly,ly € [n| there exists h € Cs,(X) such that C;; € {h > K’} and
C, C{h <h'}.

2. For all [ € [n] there exists h € C, (X) such that

CyC{h>h'} and {h>g} C Ds.

3. For all [ € [n] there exists there exists h € C;, (X) such that

{h< f}C Dy and C; C{h<h}.

4. There exists h € C5, (X) such that {h < f} C Dy and {h > g} C Ds.

Item 1 holds for any choice of curve intervals by taking h := h’, and item 4 holds by
Proposition 2.4.25 (IV) appealing to items (iii) (a) - (iii) (c¢). It therefore remains to
show that there exist curve intervals C4,...,C,, of £1,..., [, such that conditions 2
and 3 above hold. In turn, this is equivalent to showing that for all [ € [n] there exists

a curve interval C; of ; such that the following two conditions hold:
2. There exists h € Cs,.(X) such that C; C {h > h'} and {h > g} C D,.

3’. There exists h € Cy, (X) such that {h < f} C Dy and C; C {h < h'}.



CHAPTER 3. THE LATTICE-ORDERED MODULE Cs, (X) 106

By items (II) and (III) of Proposition 2.4.25 it suffices to prove that for all [ € [n]

there exists a curve interval C} of 3, such that

Cin{g <MW} C Dy, CyN Dy C{H < g},

Cl N {h/ S f} Q Dl, and D/1 N Cl Q {f S h,} (*)

Using the same arguments as at the end of the proofs of (II) = (I) in Lemmas 3.3.10
and 3.3.11, it follows that:

- Ttems (ii) (a) and (ii) (b) imply that there exists a curve interval I of 5, such
that IN{h < f} C D;.

- Items (ii) (c) and (ii) (d) imply that there exists a curve interval J of f; such
that JN{g <KW} C Ds.

- Items (a’) and (b’) imply that exists a curve interval I’ of §; such that D)NI" C
{f<nt

- Items (¢’) and (d’) imply that exists a curve interval J’ of §; such that J'N D} C
{r' < g}.

Since I'NJ'NINJ € [, there exists a curve interval C; of 8; such that C; C I'nJ'NINJ;

such curve interval satisfies (x), and this concludes the proof. ]

Lemma 3.3.14. Consider the Zx-formula

335(/)(\5” C{x>tu(2)} N /)(\{93 <ti(2)F E & M

i€l i€l

/X\f&‘ C{z <t5(2)} A /X\{x > t4i(2)} C &y M

i€l3 i€ly
MY = [x]m> , (*)
=1
where
(i) x is a home variable;
(i) Iy, Is, I3, and Iy are disjoint finite index sets;

(iii) all &, are space variables, and all Y, are germ variables;
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(iv) all tyi(Z) are L% E)mod_terms: and

(v) all By are pairwise distinct half-branches of X .
Then (%) is equivalent modulo M x to the conjunction of all the following formulas:

(a) For alli € I and all j € I3 the formula
3 (5 C (2 (2} My C (o < 1y (D) A\ Y= [xh) |
=1
(b) For alli € Iy and all j € I3 the formula
Jx <{ZE <t9i(2)} C &oi M &5 E {o < t3;(2)} A /)?\YZ = [x]ﬁl> :
=1
(¢) Foralli € Iy and all j € I the formula
dx <§1i C {z > tu(Z)} M{z >14;(Z)} E &y A /;(\Yz = [x]ﬁl) -
=1
(d) For alli € Iy and all j € I, the formula
5 ({x < (@)} 6 M 2 1)} C 6y i )\ Vi = Mm) .
I=1

Proof. The proof is analogous to that of Lemma 2.4.18; in fact, the statement follows
from Lemma 2.4.18. Clearly (%) implies each of the formulas in items (a) - (d).
Conversely, if h;; € Cs,(X) (i € UL, j € I3Ul) witness each of the existential
quantifiers of the formulas (a) - (d) then h = \/,_; 4 1, Aicpyor, ij witnesses the
existential quantifier of the formula (%) by the moreover part of Lemma 2.4.18 and

since

Moo=\ A hy| = max min [hyls =Y

. . €1 Uly i€13Uly
i€l1Ulz i€l3Uly ﬁl

by Theorem 2.3.2 (II1). O

Proposition 3.3.15. Let n € N and (y,..., 3, be pairwise distinct half-branches of
X. Every ZLx-formula of the form

J (/X\&i ={z > ti(z)} M /)(\52i ={z <tu@} n Y= Mﬁ;) (2)

is equivalent modulo A" to an L™ -formula without home quantifiers.
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Proof. Writing &1; = {x > t1;(2)} as &, C {z > t1u(2)} A {x > t1;(Z)} C &, and
similarly for &; = {z < t1;(Z)}, it is clear that formulas of the form (%) are equivalent
to formulas of the form (%), therefore by Lemma 3.3.14 the formula (%) is equivalent

to a conjunction of formulas of the following form:
(a) Jo (6 T {z > tu(2)} M &y T {o <t (2)} M N Yo = [2]s) -
(b) 3o ({2 <t2:(2)} E o M &o5 T {z < t;(2)} M AL Vi = [als) -
(¢) o (& T {z > tu(@)} Mo > 1;(2)} T &y A AL Y= [2]s) -
(d) o ({z <t2(2)} E & Mz = 11;(2)} E & M N Yo = [2]s)

It is now claimed that Lemmas 3.3.10, 3.3.11, 3.3.12, and 3.3.13 respectively imply

const

that each of the formulas (a), (b), (c), and (d) above are equivalent modulo .Z§
to an ZP"formula without home quantifiers, from which the proof concludes. To
this end it suffices to argue that each of the conditions within item (II) of each of the
aforementioned lemmas can be expressed as Z5™"-formula without home quantifiers.
But this is clear recalling that the formula PrimFg, (£) defines the prime filter fg, in Lx

(see Lemma 3.3.6), and noting that
F/m<F/m < OrE3IZ(Z>0NAn(F,—F)—2))

by definition of the total order on Og/m (see K522, Remarks 2.2.6 (1)]). O

3.4 Proof of the main theorem (Theorem 3.1.8)

By Lemma 3.2.6 and Lemma 3.2.9 it suffices to show that every Zx-formula of the

form

Jx /;\fiz{fiwzti(?)}/)(\/i\nz [2]3, (482
i=1 j=1
is equivalent modulo .Z ™" to an £ formula without home quantifiers, where
(i) x is a home variable;
(i) &,...,&, are space variables and Y7, ..., Y, are germ variables;

iii) t1(2),...,t,(Z) are LCa(X)mod_tarmg:
(iti) t1(2), .., tn(2) ;
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(iv) f; € Csa.(X) are scalar functions such that f; > 0 or f; <0 for all i € [m]; and
(v) Bi,..., B are pairwise distinct half-branches of X.

In what follows, every occurrence of “equivalent” means “equivalent modulo .Z"".

Formulas of the form (§§,) are clearly equivalent to formulas of the form

Ju [/X\fz ={fire=t:@m M\ &=1{fi-z <t} A /)(\Y} = [x]ﬁj] , (¥s)

i=d+1

where f; > 0 for all i € [m]. In turn, since {¢1 < g2} = {f - g1 < f - g2} and for all
91,92, [ € Csa(X) with f > 0, by multiplying each inequality f;-z > t;(Z) and f;-x <
ti(Z) in ($3) by a suitable scalar, it might be assumed that f; = --- = f,, = f > 0.

Therefore it remains to eliminate home quantifiers in formulas of the form

dx [/X\fz ={f-z>tE)} M /X\ G={fv<tE@)} M /X\E’ = [x]ﬁj] o (98)

where all symbols are as above, and where f € C;, (X) is a fixed non-negative scalar.

The formula ($§,) is equivalent to

Ty [/X\fz ={y>t:(Z)} N /X\ G={y<t:@}my=/f-zMn /X\Y} = [l‘]gj]

i=d+1

that is, equivalent to

39[/)(\55 ={y>t(2)} A /X\ &={y <t(z)} Mn

1=d+1

Jz (y:fx/)(\/X\Yj:[x]@)] (38:)

J=1
~ 7
~~

(t)

Applying Corollary 3.3.8 to the subformula (1), the formula ($§5) is equivalent to one

of the form

39[/)(\& ={y > t(2)} N /X\ §i={y <t(z)}n

i=d+1
337 (WCY?) m¢={y=0y n\\Y/ = [y]a;> : t )
=1

where ((,Y,Y’) is a Boolean combination of space formulas with parameters and

germ formulas with parameters (hence a formula without home quantifiers), and
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B,,..., B, are pairwise distinct half-branches. Since ¥(¢,Y,Y”) does not contain the

variable y, the formula ($§) is in turn equivalent to

33V

V(G YY) M 3y</)(\& ={yzt@In N\ &=y <t@rn

CZ{Z/ZO}/X\/><\Y2'=[Z/]5;>]~ (3%7)

Let ¢* and (~ be new space variables. Then ($§;) is equivalent to

3CIY'ICHCT (UG Y, Y ) M =¢tneT
fﬂy /g\f ={y=t:@} mn " ={y =0} m
(i /)Z\ &=y <tE}MC = <0}
{7)1(/1\57 = MB;)I

\

and the subformula (1) is equivalent to an £°"*-formula without home quantifiers

by Proposition 3.3.15, concluding thus the proof.

3.5 Decidability

This section is devoted to harvest the decidability result (Proposition 3.5.3) obtained
from Theorem 3.1.8 under the additional hypothesis that R is a recursive real closed
field (Example 2.1.21). All the key notions of this section (namely recursive language,
recursive structure, and decidable structure) are defined and discussed in Subsection

2.1.2.
Lemma 3.5.1. Let R be a recursive real closed field.

(i) The partially ordered ring Cs.. (R) is recursive, that is, it is a recursive £P°ne-

structure, where P8 .= Lring(<J),
(ii) The ring of germs O is a recursive £"8(<, m)-structure.

(iii) The lattice of zero sets Lg of is a recursive (T, L)-structure.
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Proof. By Proposition 2.1.23, there exists a Godel numbering "— of .£P°""8( R) such
that R is decidable, that is, such that the £P""&( R)-theory of (R, R) is decidable.
(i). Define o : Cs 5. (R) — w by

a(f) :=min{n € w | n =" where p € LP""¢(R)-Fml defines f},

noting that « is a well-defined injective function.

Claim. a(Cs, (R)) C w is recursive.

Proof of Claim. Pick n € w arbitrarily. Since .ZP°"8(R) is a recursive language,
it can be decided if n = Tp(x,y)” for some p(x,y) € LPE(R)-Fml with exactly
two free variables. Similarly, since R is decidable it can be decided if an £P°""8( R)-
formula ¢(z, y) in two free variable defines the graph of a continuous function R — R,

therefore the set

S:={ncwl|n="p where p € ZP"(R)-Fml

defines the graph of some f € C, (R)}
is a recursive subset of w. Using again the fact that R is decidable, it follows that

T:={(ni,na) € SxS|ni =", ngo ="y, and gy, @9 € .i”poring(R)—le

define the graph of the same f € Cy, (R)}

is recursive, and the map u : S — S given by p(n) := min{n’ € S | (n,n') € T}
is recursive with recursive image (u(S) is exactly the set of fixed points of p). For
each f € Csa(R) let ¢; be any £P°"¢(R)-formula defining the graph of f; then
a(f) = p("ps?), therefore a(Cs, (R)) = p(S) and thus the claim follows. Cctaim-
If ¢; and ¢, are ZP°"¢( R)-formulas defining f and g (respectively), write v,
for the formula Jy;, y2(z = y1 + y2 AN ©r(z,y1) A @g4(x,y2)), noting that this defines
the recursive map S? — S given by ("¢, "¢, ") = T@ryy s where S is as in the
proof of the claim above. Define o(f) + a(g) = a(f + g) for all f,g € Csa(R);
then a(f) 4+ a(g) = p("¢rt+y ') where p is as defined in the proof of the claim above,
from which it follows that the defined addition is recursive on «(Cs, (R)). Similar
arguments show that the other symbols in .ZP°'"8 have recursive interpretations on
a(Csa (R)), from which it follows that Cs, (R) is recursive, see Remark 2.1.20 (i).
(ii). Let po+ = {f € Csa(R) | Je € (0,1) such that fip., = 0} and my :=
{f € Csa.(R) | f(0)=0}. Using the recursive presentation of Cs, (R) given in item
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(i) together with decidability of R it follows that po+ and my are recursive ideals of
Csa.(R) (see Example 2.1.22), therefore Cs, (R)/po+ = Op is a recursive partially
ordered ring with recursive ideal mg/po+ = m (see Example 2.3.36).

(iii). Note first that a proof analogous to the one used in item (i) to show that
addition is recursive on «(Cs, (R)) shows that the lattice operations V and A are
recursive on a(Cs, (R)); in other words, Cs . (R) is a recursive lattice-ordered ring. As
in item (ii), using the recursive presentation of Cs, (R) it follows that the equivalence
relation on Cy, (R) given by f ~ ¢ if and only if {f > 0} = {g > 0} is recursive. The
quotient of the recursive structure (Cs,. (R), <,V, A, 0, —1) by the recursive equivalence
relation ~ is exactly the £ (T, L)-structure Lg, therefore the latter structure also

is recursive (see [Mon21, Lemma I.11]). O
Lemma 3.5.2. Let R be a recursive real closed field.

(i) The ring of germs Og is a decidable £™™8(<,m)-structure.

(ii) The lattice of zero sets Lx is a decidable L' (T, L)-structure.

Proof. (i). Combine Proposition 2.1.23, Proposition 2.3.13 (i), and Lemma 3.5.1 (ii).

(ii). The following proof is a refinement of the proof of Proposition 2.4.32 (ii).
By [Trel6, 4.1. (vii) (a)] the lattice Lx is parametrically definable in the lattice L,
therefore it suffices to show that Ly is a decidable (T, 1)-structure. Let W (R, <)
be the weak monadic second-order structure of the linear order (R, <), that is, W(R, <)
is the poset of finite subsets of R expanded by all 0-definable (in R) subsets of R"
(n € N), see [Trel7, Definition 2.1]. By [Irel7, Proposition 3.2. (i)] and its proof,
the recursive lattice Ly (Lemma 3.5.1 (iii)) is effectively interpretable in W (R, <),
therefore it suffices in turn to show that W (R, <) is a decidable structure. Let S2S be
the infinite binary tree 2<¢ with two successor functions o — 070 and o — 071 (see
[Rab69]); by [Trel7, Remark 3.5 (iii)] and the fact that R is countable, W (R, <) is
isomorphic to a reduct of W (S2S) (the weak monadic second-order structure of S2S).
By Theorem 1.1 and Corollary 1.9 in [Rab69] (see also Theorem 3.4 and Corollary
3.6 in [Trel7]), the theory of W (S2S) is decidable. Since every finite subset of S2S is
0-definable in S2S, every element of W (S2S) is 0-definable in W (S2S), from which it
follows that W (S2S) is a decidable structure, and thus so is W(R, <), as required. [
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Proposition 3.5.3. Let R be a recursive real closed field.

(i) The language L™ is recursive and every L™ -formula is effectively equiva-

lent modulo AL to an L™ -formula of the form (#).

(i) The structure AL has a decidable L™ -theory. In particular, the Lx -theory
of Mx is decidable, and the L“CsaX)mod_theory of the lattice-ordered module
Cs.a.(X) is decidable.

Proof. (i). If ¢(2,¢, Z) is an £ formula, then the proof of Theorem 3.1.8 shows
how to explicitly construct an Z¢""-formula without home quantifiers equivalent to
©(%,¢, Z) modulo .ZF*, therefore this equivalence is effective whenever 2™t is a
recursive language. To prove that Z™" is recursive, note first that the language
(L) 15y is exactly the disjoint union of the languages £ (Lx) and £"¢(<,m, OR)
(which are recursive by Remarks 2.1.11 and 2.1.12), therefore by choosing any recursive
presentations of these two latter languages, a standard coding argument (such as using
a recursive bijection w? — w as in [Mur99, p. 39]) shows that (£¢"")y is recursive.
Again by standard coding, any recursive presentation of (Z¢"");sx can be extended
to a recursive presentation of £5°"": this is possible since all but finitely many non-
logical symbols in £\ (L") x are unary, therefore the condition on the arity
maps being partial recursive in Definition 2.1.10 can always be satisfied.

(ii). Since .#x and Cs, (X) are both reducts of .ZF™", it suffices to show that
AP has a decidable Z°™ -theory T, that is, that there exists a recursive presenta-
tion [—] of Z¢™" with corresponding Godel numbering "— such that "7 is recur-
sive. Since Ly and Op are both decidable by Lemma 3.5.2, the proof of (i) shows that
there exists a recursive presentation of Z¢™" with corresponding Godel numbering
F— "1 such that "7} ' and "7, " are both recursive, where T} and 75 are the elementary
diagrams of Ly and Op, that is, the theories of Lx and Opg in the languages £, and
% obtained by restricting Z™" to the space and germ sorts, respectively. Let ¢ be
an £t sentence. By item (i) above, one can effectively find a Boolean combina-
tion 1 of Zj-sentences v; and Zs-sentences 15; such that "¢ € "7 if and only if
M1 € "T by choice of 9, it follows that "¢ ' € "1 if and only if the corresponding
Boolean combination of conditions of the form "¢y; ' € "17 " and "1)y; ' € "1, " holds,

and since "7 and "7, are recursive, it follows that "¢ € "1 can be decided, as
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required. O

3.6 Concluding remarks

The key geometric ingredients in the proof of Theorem 3.1.8 are o-minimality of the
real closed field R, the fact that X is one-dimensional, and the semi-algebraic Tietze
extension theorem. The Tietze extension theorem also holds for continuous definable
functions in o-minimal expansions of real closed fields, see [Dri98, Chapter 8, Corollary
3.10]. In particular, Theorem 3.1.8 also holds for the three-sorted structure analogue
of A" obtained by replacing the home sort with the lattice-ordered module (over
itself) of continuous definable functions Cyee(X) on a definable curve X over an o-
minimal expansion R of a real closed field R, and by replacing the space and germ
sorts by the corresponding lattice of zero sets and ring of germs at a half-branch,
respectively. The ring of germs of Cg(X) at a half-branch of X is a Th(R)-convex
subring of R in the sense of [D1.95], where Th(R) is the theory of R in the language of
R, therefore its theory is model complete whenever Th(R) is. In particular, the proof
of decidability given in Section 3.5 shows that decidability in the continuous definable
case also follows under the extra hypotheses that R is a decidable structure (hence
also recursive) with model complete theory Th(R).

Continuing on decidability issues, a statement stronger than that given in Proposi-
tion 3.5.3 (ii) would be that if R is a recursive real closed field, then .# is a decidable
ZLx-structure, that is, that the elementary diagram of .#x is a decidable theory. The
proof of such a statement would require a careful recursive presentation of the lan-
guage Zx expanded by constants for all elements of the three sorts in Zx, as well as
a proof that with such recursive presentation the zero set map Cs, (X) —» Ly and
the germ maps [z : Csa (X) —» Op are recursive.

To conclude, it will be now pointed where the main problem arises in trying to
carry the proof of Theorem 3.1.8 as outlined in Subsection 3.1.2 to the structure 3"
obtained by replacing the module scalar functions on the home sort of .#x (or .#F"")
by the full (binary) multiplication, so that the home sort becomes an .Z“""&_structure
in A3, where 2608 = {4 — . 0,1,<,V,A}.

Using [DM95, Fact F6] in place of Proposition 3.2.2, one can easily show that every
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formula without home quantifiers is equivalent modulo .Z )r(ing to a formula of the form
(#), where in this case the terms ¢;(Z) and s;(z) are £*"&-terms. The main issue
comes in the elimination of home quantifiers in formulas of the form (%). As shown
in Lemmas 3.3.1 and 3.3.2, expressing that f € C, (X) divides g € Cs,.(X) in the
germ sort depends on all the half-branches at the boundary points of {f = 0}. In
particular, if f is not fixed (as it would be the case in .Zx"#), then these half-branches
vary both in number and in the points at which they are centred as f varies, and
thus depending on what f is, the number of conjuncts of germ formulas in item (II)

of Lemma 3.3.2 varies.



Chapter 4

Local Real Closed SV-Rings of
Finite Rank

Recall the fix the following terminology and notation for this chapter:

(i) Let {A;}ier be a non-empty set of rings.

(i) For all j € I, let m; : [[,c; Ai — A; be the projection map.

(ii) A ring A is a subdirect product of {A;}ier if A is a subring of J],.; A; and
mita © A — A; is surjective for all ¢ € I; if A is a subdirect product of

{A;}ier, define p; := m;p4 for all i € 1.
(ii) If A is a ring, then Spec™™(A) is its set of minimal prime ideals.

(iii) If A and B are local rings with respective unique maximal ideals m4 and mp,

then an injective ring homomorphism f : A < B is local if f~}(mp) = m4.

4.1 Introduction

The present chapter studies n-fold fibre products of non-trivial real closed valuation
rings along surjective ring homomorphisms onto a fixed domain, where n € N2, This
“bottom-up” definition of this class of rings has an equivalent “top-down” descrip-
tion, namely, these rings are exactly local real closed SV-rings of finite rank with one

branching ideal.

116
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Survaluation rings (SV-rings for short) were first introduced in [HW92] in con-
nection to rings C'(X) of continuous real-valued functions on a completely regular
topological space X; in the aforementioned paper, the authors call the ring C(X) an
SV-ring if C(X)/p is a valuation ring for every prime ideal p of C(X), and X an
SV-space if C'(X) is an SV-ring. A canonical partial order on the rings C(X) is de-
fined by setting f < g if and only if f(z) < g(z) for all x € X; this partial order is
a lattice-order which gives C'(X) the structure of an f-ring ([GJ60], [BKW77]), and
this motivated the study of SV-rings within the class of f-rings in [HL93] (see also
[Hen+94], [Larl1], as well as the survey [Lar10]). SV-rings can also be studied without
the presence of a partial order: Schwartz defines in [Sch10b] a commutative and unital
ring A to be an SV-ring if A/p is a valuation ring for all prime ideals p of A, and this
is what is meant here by an SV-ring (Definition 4.2.1).

The article [Sch10b] contains a systematic study of SV-rings and it is the main
reference on SV-rings for the present work. [Sch10b] also opened up the door for the
model-theoretic study of SV-rings by proving the first results on axiomatizability (in
the sense of model theory) of SV-rings in the language of rings % = {+,—,-,0,1}.
In particular, it is shown in [Sch10b, Section 3] that the question of whether a class
of SV-rings is elementary or not is tightly connected with the rank of the rings in this
class; the rank of a prime ideal p in a ring A is defined as the number (which is either
a natural number or co) of minimal prime ideals q of A such that q C p, and the
rank of the ring A is the supremum of the ranks of its prime ideals (Definition 4.2.6),
therefore a local ring has finite rank if and only if it has finitely many minimal prime
ideals.

The rings C'(X) are particular examples of real closed rings in the sense of Schwartz,
see Section 2.3, as well as [Sch89], [Sch86], [Sch97], [SM99, Section 12|, and [Tre07].
The terminology “real closed ring” was first coined by Cherlin and Dickmann in [CD86]
and [CD83], and some results in the literature about real closed rings refer to real
closed rings in the sense of Cherlin and Dickmann (e.g. [MMS00]); in this chapter a
real closed ring is always meant to be a real closed ring in the sense of Schwartz. Real
closed rings in the sense of Cherlin and Dickmann are exactly real closed rings which
are also valuation rings, that is, they are real closed valuation rings, see Subsection

2.3.1 and [Sch09]). Equivalently, these are local real closed SV-rings of rank 1, see
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Corollary 4.2.8.

Non-trivial real closed valuation rings (i.e., those which are not fields) are exactly
proper convex subrings of real closed fields, and this close relationship between these
two classes of rings entails that non-trivial real closed valuation rings have many of the
good model-theoretic properties of real closed fields ([CD83], [Bec83]). In particular,
the class of non-trivial real closed valuation rings is elementary in the language of
rings .Z, and its theory is complete, decidable, and NIP ([CD83], [MMS00]). Here
NIP stands for “not independence property”, and it is a combinatorial property of
first-order theories that can be described as certain families of definable sets having
finite VC-dimension, see [Sim15]. It follows that the class of local real closed SV-rings
of rank 1 splits into the classes of models of two complete, decidable, and NIP .Z-
theories, namely, the Z-theory RCF of real closed fields and the Z-theory RCVR of
non-trivial real closed valuation rings.

Local real closed SV-rings of rank n € N2 are exactly those rings obtained by
taking iterated fibre products of finitely many non-trivial real closed valuation rings
along surjective ring homomorphisms onto domains, see Theorem 4.4.2 for a precise
formulation of this statement. Moreover, the class of local real closed SV-rings of rank
n € N22 is elementary in the language .#; this follows from [Sch10b, Proposition 2.2
and Corollary 3.16], but an equivalent axiomatization T,, for this class of rings is given
in Definition 4.5.3.

A very particular class of local real closed SV-rings of rank n € N=2 is the one
whose rings have exactly one branching ideal (Definition 4.3.1 and Lemma 4.4.7): a
prime ideal q in a ring A is defined to be a branching ideal if there exist distinct prime
ideals p1,p2 C A such that py,ps € q and q = p; + po. Local real closed rings of rank
n € N22 have at least one branching ideal and at most n—1 branching ideals (Remarks
4.3.2 (ii) and 4.3.7), so those with exactly one branching ideal are the simplest rings
in this class; moreover, there exists an .Z-sentence ¢y, ,, (Definition 4.5.4) such that
for all local real closed rings A of rank n, A = ¢, if and only if A has exactly one
branching ideal (Lemma 4.5.5).

If A is a local real closed ring of rank n with unique maximal ideal m4 and with a
unique branching ideal b4, then either by = my4 or by C my, and this is an elementary

property of the ring A (Proposition 4.3.5). In particular, the elementary class of
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local real closed SV-rings of rank n with exactly one branching ideal splits into two
elementary classes of rings, namely, local real closed SV-rings of rank n with exactly
one branching ideal b4 such that by = my4 (called for brevity rings of type (n, 1), see
Definition 4.4.8), and local real closed SV-rings of rank n with exactly one branching
ideal b4 such that by C my (called for brevity rings of type (n,2)); geometric examples
of rings of type (n, 1) are rings of germs of continuous semi-algebraic functions X —
R at a point x € X, where X C R™ is a semi-algebraic curve over a real closed
field R (Example 4.4.9). The main goal of this chapter is to provide a first model-
theoretic analysis of the theories 7,1 and 7, » or rings of type (n, 1) and of type (n,2),
respectively. Amongst other things, it is shown in Section 4.5 that T}, ; and 7,2 are
complete, decidable, and NIP.

Much of the work towards proving the model-theoretic results in Section 4.5 rests
on having good algebraic descriptions of local real closed SV-rings of finite rank and
of their branching ideals, and this is the content of Sections 4.3 and 4.4. In particular,
Theorem 4.4.2 is a structure theorem for local real closed SV-rings of finite rank
which is deduced from a structure theorem for reduced local SV-rings rings of finite
rank (Theorem 4.2.22), and Proposition 4.3.5 gives various equivalent conditions for
the maximal ideal in a local real closed ring of finite rank to be a branching ideal;
Proposition 4.3.5 then yields several equivalent characterizations of branching ideals

in rings of this latter class (Remark 4.3.6).

4.1.1 Structure of the chapter

Section 4.2 starts by collecting the relevant material on SV-rings and on ranks of rings;
in particular, Lemma 4.2.9 (I11) and Corollary 4.2.11 describe minimal prime ideals in
reduced local rings of finite rank as annihilator ideals of elements, and this is crucially
used in the model-theoretic analysis of local real closed SV-rings of finite rank. The
remaining part of Section 4.2 is devoted to prove a structure theorem for reduced local
SV-rings of finite rank (Theorem 4.2.22), where the key algebraic result being used in
the proof is Goursat’s lemma for rings (Lemma 4.2.16).

In Section 4.3 branching ideals in rings are defined and studied in local real closed
rings of finite rank, the main result here being Proposition 4.3.5, which gives equivalent

characterizations for the maximal ideal in these rings to be a branching ideal. Section
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4.3 can be read independently of Section 4.2.

In Section 4.4 the real closed version of Theorem 4.2.22 is proved (Theorem 4.4.2),
and this is then used to formally define the main objects of this chapter, namely
rings of type (n,1) and of type (n,2) (Lemma 4.4.7 and Definition 4.4.8); the section
concludes by proving some embedding lemmas of such rings which are used in the
model completeness proofs of Section 4.5.

All the model theory of the chapter is contained in Sections 4.5 and 4.6. Section 4.5
starts by defining all the relevant first-order theories, and this is followed by the model
completeness results (Theorems 4.5.15 and 4.5.21) from which much of the remaining
statements in Section 4.5 stem from. Section 4.6 starts by explaining some difficulties
in the model-theoretic study of arbitrary local real closed SV-rings of finite rank. In
Subsection 4.6.2 an approach to overcome these difficulties is proposed by introducing
the notion of the branching spectrum of a local real closed ring of finite rank and
connecting it with the model theory of real closed rings with a radical relation as
developed in [PS]. In particular, Corollary 4.6.8 shows that elementary equivalent
local real closed rings of finite rank have poset-isomorphic branching spectra, and this
yields a candidate for an elementary classification of all local real closed SV-rings of

finite rank (Conjecture 4.6.9).

4.2 SV-rings

4.2.1 Preliminaries on SV-rings

Definition 4.2.1. A ring A is an SV-ring if A/p is a valuation ring for all p € Spec(A).

In particular, by Theorem 2.3.2 (II) (i) a real closed SV-ring is a real closed ring A
such that A/p is a real closed valuation ring for all p € Spec(A). Residue domains of
valuation rings are valuation rings, therefore valuation rings are the first examples of
SV-rings. Rings of Krull dimension 0 (i.e., rings in which every prime ideal is maximal)
are clearly also SV-rings; for more examples of SV-rings see Proposition 4.2.4 and the
subsections below. The next theorem collects some known equivalent characterizations

of SV-rings:

Theorem 4.2.2. Let A be a ring. The following are equivalent:
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(i) A is an SV-ring.
(ii) A/p is a valuation ring for all p € Spec™™(A).

(iil) Ajeq := A/Nil(A) is an SV-ring, where Nil(A) is the nilradical of A.

(iv) Spec(A) is a normal space' and the localization Ay is an SV-ring for every

maximal ideal m of A.

(v) For each a,b € Aieq there exists a polynomial P € Aeq|X,Y] of the form
PX,)Y):=][_,(X — ¢ -Y) such that P(a,b) - P(b,a) = 0.

=1

Moreover, if A satisfies any of the conditions (i) - (vi) above, then Ayeq is isomorphic

to a subdirect product of valuation rings.

Proof. The equivalence of (i) - (iii) is clear, the equivalence of (i) and (iv) is Proposition
1.51in [Sch10b], and the equivalence of (i) and (v) follows from the equivalence of (i) and
(iii) together with Theorem 3.4 in [Sch10b]. To conclude, suppose that A is an SV-ring
and let B := A,eq; B is a reduced SV-ring by the implication (i) = (iii), therefore the
canonical map B —» HpESpeC( 5 B /p is injective and its image is a subdirect product

of the valuation rings {B/p}pespec(B)- O

It follows from the equivalences (i) < (iii) < (iv) in Theorem 4.2.2 that in the

study of SV-rings, the class of reduced local SV-rings is at the forefront.

Remark 4.2.3. (i) Rings with normal Zariski spectrum are abundant in the realm of
real algebra. In particular, the Zariski spectrum of a real closed ring is normal
by Theorem 2.3.2 (II) (iii), and thus for such class of rings the SV property is a

“local property” by the equivalence (i) < (iv) in Theorem 4.2.2.

(ii) In general, subdirect products of valuation rings are not SV-rings: If X is not an
SV-space (see [HW92]), then the ring C'(X) of continuous real-valued functions
on X is a subdirect product of valuation rings which is not an SV-ring. On
the other hand, every subdirect product? of finitely many valuation rings is an

SV-ring (see Subsection 4.2.3 and Remark 4.2.23).

Equivalently, A is a Gelfand ring; see [Joh82, p. 199] and [ST10, Theorem 4.3].
2The model theory of subdirect products of structures has been investigated via a 2-sorted set-up
in [Wei75]; see also [Wei78].
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One way to obtain examples of SV-rings to find ring-theoretic constructions which
preserve the SV property; the next proposition summarizes the main such construc-

tions:

Proposition 4.2.4. The class of SV-rings is closed under formation of residue rings

and localizations by multiplicative subsets. Moreover:

(i) A finite direct product of rings is an SV-ring if and only if each factor is an
SV-ring.

(ii) Direct limits of SV-rings are SV-rings.
(iii) Direct products of valuation rings are SV-rings.

(iv) If A and B are SV-rings and f : A —» C and g : B —» C are surjective ring

homomorphisms onto a ring C', then the fibre product A x¢ B is an SV-ring.

Proof. That the class of SV-rings is closed under the formation of residue rings and
localizations by multiplicative subsets is clear, and item (i) follows from the charac-
terization of prime ideals in a finite direct product of rings; for the proof of items (ii)

- (iv) see Example 1.2 in [Sch10b]. O

In particular, if Vi and V5 are non-trivial valuation rings with isomorphic residue
field k, then by Proposition 4.2.4 (iv) the fibre product V;j x V5 is an SV-ring; Vi x4 Vs
should be thought as constructed by “gluing” the valuation rings Vi and V5 in a
particular way, and this construction of SV-rings via fibre products is a central theme
of this chapter. The next example, which generalizes Proposition 4.2.4 (iii), shows

how to construct some SV-rings by gluing valuations rings via a sheaf construction:

Example 4.2.5. Let A be a Boolean product of valuation rings in the language .2 (div),
where Z(div) is the language of rings £ = {+,—,-,0,1} together with a binary
predicate div interpreted as divisibility; i.e., there exists a Boolean space X and a
Hausdorff sheaf Ox of valuation rings on X (that is, the stalk Ox , is a valuation ring
for each x € X)) such that A is the Z(div)-structure I'(X, Ox) of global continuous
sections, see [BW79] and [Gui01, Section 2]. It will be shown that A is an SV-ring; to
this end, set Ay := I'(U, Ox) for each U C X open, A, := Oy, for each x € X, and

write a;y for the image of a € A in Ay and a(z) for the image of a € A in A,. Pick
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a,b € A and note that X = U UV U W, where U := [div(a,b)] N (X \ [div(b,a)]),
V= [div(b,a)] N (X \ [div(a,b)]), W := [div(a,b)] N [div(b,a)], and [div(a,bd)] :=
{r € X | A, = div(a(z),b(z))}; since A is a Boolean product in the language -Z(div),
U,V,W C X are clopen, and a standard compactness argument (e.g. as in the proof
of [BW79, Lemma 1.1]) yields elements d € Ay, e € Ay, and f € Ay such that
awd = by, byye = ayy, and byw f = a;w, hence c :=dUeU f € A is an element such
that (a — ¢b)(b — ca) = 0, therefore A is an SV-ring by the implication (v) = (i) in
Theorem 4.2.2.

4.2.2 The rank of a ring

One way of classifying the complexity of SV-rings is via the following notion of rank

of a ring (this definition can be found in [Sch10b, Section 2]):
Definition 4.2.6. Let A be a ring and oo be a symbol such that n < oo for all n € N.

(i) For p € Spec(A), define rk(A,p) € N to be the number of minimal prime ideals
q of A such that q C p if this number is finite, and rk(A, p) = oo otherwise.

(ii) The rank of A is rk(A) := sup{rk(A,p) | p € Spec(A)} € NU {oc0}.
The ring A is of finite rank if rk(A) # oo.

It has been already noted that reduced local SV-rings are in the forefront of the
study of SV-rings; amongst reduced local SV-rings, those of rank 1 are exactly the

simplest SV-rings, namely valuation rings:

Lemma 4.2.7. Let A be a ring. The following are equivalent:
(i) A is a reduced local SV-ring of rank 1.
(ii) A is a valuation ring.

Proof. The implication (ii) = (i) is trivial. Conversely, if item (i) holds, then A
being local of rank 1 implies that A has exactly one minimal prime ideal q, therefore

Nil(A) = N

pespec(4) P = g 18 a prime ideal of A; since A is reduced, q = (0), and since

A is an SV-ring, A/q = A is a valuation ring, as required. O
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Corollary 4.2.8. A ring A is a local real closed SV-ring of rank 1 if and only if it is

a real closed valuation ring.
Proof. Immediate by 4.2.7. O

The same proof as in Lemma 4.2.7 shows that local domains are exactly the reduced
local rings of rank 1; in particular, if a reduced local ring is not a domain, then its rank
is at least 2, so the rank of a reduced local ring is related with its zero divisors. The
next lemmas clarify the relationship between the rank of a reduced local ring and its
zero divisors (cf. [Sch10b, Proposition 2.1] and [Larl0, Theorem 3.6]); Lemma 4.2.9

(I1T) and Corollary 4.2.11 will be of particular importance in Section 4.5.

Lemma 4.2.9. Let A be a reduced ring and set Spec™™(A) := {p; | i € I}.

(I) If a € A is a non-zero zero divisor, then S :={i € I | a & p;} is a non-empty

proper subset of I such that (), p; = Ann(a).

(IT) Let m € N=2. Ifay,...,a,, € A are non-zero and pairwise orthogonal’, then
Sj={iell|a;j¢&p} (j€|m]) are pairwise disjoint non-empty proper subsets
of I such that (e, pi = Ann(a;) for all j € [m].

(III) Suppose that A is local.

(i) tk(A) =sup{m € N | Jay,...,a, € A non-zero and pairwise orthogonal}.

(ii) Ifrk(A) =|I| = n € N22, then for all ay,...,a, € A non-zero and pairwise
orthogonal there exists a bijection o : [n] — [n] such that p; = Ann(a,@))

for alli € [n].

Proof. (I). Since A is reduced and a € A is a non-zero zero divisor, a & [;c; p; = (0)
and a € |J,; pi, therefore S := {i € I | a ¢ p;} is a non-empty proper subset of I;
note in particular that a € p; for all i € I'\ S. The inclusion Ann(a) C (),.g s is clear;
conversely, if b € ();g pi, then ba € (Vs Pi) N (Miep s P:) = (0), hence b € Ann(a).
(IT). Each a; is a non-zero zero divisor, therefore by (I) it remains to show that
the sets Sy, ..., Sy defined in (II) are pairwise disjoint. Assume for contradiction that
there exist j,j’ € [m] with j # j' such that there exists i € S; N Sy, i.e, a;,a; ¢ p;;

since j # j', aja; = 0 € p;, giving the required contradiction.

3Two elements a,b € A in a ring A are orthogonal if ab = 0.
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(IIT) (i). Note first that rk(A4) = [Spec™™(A)| = |I| € NU {oo} by assumption on
A. Define k := sup{m € N | Jay,...,a,, € A non-zero and pairwise orthogonal} €
NU{oo}; if k ¢ N, then rk(A) ¢ N by (II), therefore rk(A) = k, and if Kk = 1, then A is
a domain, therefore rk(A) = 1 = k. Suppose now that k = n € N=2; let a4,...,a, € A
be non-zero pairwise orthogonal elements witnessing x = n, and define the subsets
S; C I as in item (II); by (II), n < rk(A), so assume for contradiction that n < rk(A).

Case 1. There exists ¢ € I\ (S; U ... U S,). In this case p; is a minimal prime ideal
such that ay, ..., a, € p;; since p; is a minimal prime ideal, by [Mat83, Proposition 1.2
(1)] there exists b; € A\ p; such that a;b; = 0 for each j € [n], therefore b:=b;-...-b,
is a non-zero element which is orthogonal to each a;, a contradiction to kK = n.

Case 2. I = S; U ... U S, and there exists j € [n] such that |S;| > 2. Assume
without loss of generality that |S;| > 2 and suppose that p;, and p;, are distinct
minimal prime ideals such that iy,i, € Sy, so that a; ¢ p;, and a; ¢ p;,. Pick
b € p;, \ pi,; since p;, is a minimal prime ideal, by [Mat83, Proposition 1.2 (1)] there
exists ¢ € A\ p;, such that bc = 0, therefore a1b, a;c, as,. .., a, are non-zero pairwise
orthogonal elements of A, a contradiction to kK = n.

(III) (ii). Combine items (II) and (III) (i). O

Remark 4.2.10. Let A be a reduced local ring of rank n € N22 and write Spec™"(A) :=
{p; | i € [n]}; the canonical map A — [],.(,; A/p; is an embedding, and it follows from
this that (up to re-labelling) any n non-zero pairwise orthogonal elements a; . .., a, € A

satisty a; € (jepu iy Ps \ Pi; so that p; = Ann(a;) for all i € [n].

Corollary 4.2.11. Let A and B be reduced local rings of rank n € N22 such that

ACB. Ifay,...,a, € A are non-zero and pairwise orthogonal, then
Spec™™(A) = {Anny(a;) | i € [n]} and Spec™™(B) = {Anng(a;) | i € [n]}.
Proof. Clear by Lemma 4.2.9 (III) (ii). O

Remark 4.2.12. Let A and B be reduced local rings of rank n € N22 such that A C B.
Write Spec™"(A) = {pa; | i € [n]} and Spec™(B) = {pp.; | i € [n]}, and assume
without loss of generality that pp, N A = py4, for all i € [n] (Corollary 4.2.11). The
embedding A C B induces embeddings A/pa; C B/pp,; for all i € [n], and A C B
is a local embedding if and only if A/ps; C B/pp, is a local embedding for all
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(equivalently, for some) i € [n]: this follows from the fact that the residue field of A is

isomorphic to the residue field of A/p4; for all i € [n], and similarly for B.

Lemma 4.2.13. Let n € N22, A, ... A, be domains, and A be a subdirect product
Of {Al, ce >An}-

(I) For every p € Spec™™(A) there exists i € [n] such that p = ker(p;) (see the
beginning of this chapter for the definition of p;); in particular, rk(A) < n.

(IT) Suppose that A is local, and for each S C [n] let mg : T[]\, Ai — [l,cq Ai be the

canonical projection. The following are equivalent:

(i) tk(A) = n.

(il) For all S C [n], the map ps := (ms)ja : A — [[,cq Ai is not injective.

€S
(iii) ker(p;) and ker(p;) are incomparable under subset inclusion for alli,j € [n]

with © # j.

Moreover, if any of the conditions (i) - (iii) holds, then Spec™"(A) = {ker(p;) |

Proof. (I). Let p € Spec™™(A). Then ker(py) - ... - ker(p,) = (0) C p, therefore there
exists i € [n] such that ker(p;) C p; but ker(p;) € Spec(A), hence ker(p;) = p by
minimality of p.

(IT). Straightforward using (I). O

4.2.3 Structure theorem for reduced local SV-rings of finite

rank

The main statement in this subsection is Theorem 4.2.22, which is just a refined
formulation of the observation made in [Sch10b, Remark 3.2] that every reduced local
SV-ring of finite rank can be constructed from valuation rings using iterated fibre

products.

Lemma 4.2.14. Let A be a ring and I,J C A be ideals. The ring homomorphism

fiA— AJI x AJJ given by f(a) := (a/I,a/J) has image 4 x

A A
22X a 5.
I 25T

A . .
A Z:an particular
w7 J’ p ’

=
12

nJ
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Proof. Clearly im(f) C 4 X 4 4: moreover, if (a/I,b/J) € 4 X a 4, then there
exist ¢ € I and d € J such that a — b = ¢+ d, hence a — ¢ = b+ d and thus
(a/1,b/J) = f(a—c) = f(b— d), therefore im(f) = £ X 4 4. The last assertion

follows by noting that ker(f) =1nJ. O

Corollary 4.2.15. Let n € N2, If I,,..., I, C A are ideals, then

A A " A " A y A y A
ﬂ?zl I; B L G% I G%% I3 G:A I, GA;n I,

where G := (YZ, L) + I, for all j € {2,...,n}.

Proof. Straightforward by induction using Lemma 4.2.14. O

Lemma 4.2.16 (Goursat’s lemma for rings). Let A; and As be rings and A C Ay X Ag

be a subring. The following are equivalent:
(i) A is a subdirect product of { Ay, As}.

(ii) There exist ideals I C Ay, J C Ay, and an isomorphism f : Ay /I = Ay/J such
that A = A1 X Ay/)J Ag.

(iii) There exist ideals Hy, Hy C A such that Hy N Hy = (0), together with isomor-
phisms g; + Ai — A/H; (i € {1,2}) yielding an isomorphism g : A1 x Ay —»
A/Hy x A/Hy such that gia(a) = (a/Hy,a/Hs) for all a € A, and g;a is an

isomorphism A — 2+ x_a A
1 H{®Hy 2

Proof. (i) = (ii). The following proof can be found in [Larll, Lemma 2|; for future
reference it is included here. Let I := p;(ker(ps)) and J := po(ker(p;)), noting that
since p; and p, are surjective, I C Ay and J C A, are ideals (see the beginning of this
chapter for the definition of p;).

Claim. The assignment f: A;/I — As/J given by

a1/1|—> CLQ/J <d:ef> (al,ag) cA

for all (aq,as) € Ay X As is a well-defined ring isomorphism.

Proof of Claim. To see that f is indeed a function, pick aq,b; € A; and as, by € A,
such that a; — by € I and (aq,az), (b1,b2) € A; then (a; — by, a2 — by) € A, and since
a; — by € I = py(ker(p2)), (a1 —b1,0) € A, hence 0/J = f((a; —b1)/I) = (ag — bs)/J,
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from which ay/J = by/J follows. That f is a ring homomorphism follows from A
being a subring of A; x As, and since A is a subdirect product of {A;, A} it follows
that f is surjective, so it remains to show that f is injective. Pick a;,b; € A; and
suppose that f(a;/I) = f(bi/I), hence there exist ag,by € Ay with ay — by € J and
(a1,az), (by,b2) € A; then (a3 — b1,0) = (a1, a2) — (b1, b2) — (0,a2 — be) € A, yielding
ar/I =b/1. Uctaim

Let qr : Ay — Ay/I and q; : A5 —» Ay/J be the projection maps. By the claim
above, (foqr)opi = qyops, so to show that A = Ay x 4,,; Ay, it suffices to show that
A verifies the universal property of the fibre product A; x 4,/7 A. Let f; : C — A;
be ring homomorphisms such that (f oqy)o fi = qs o f2, and define h : C' — A; X A
by h(c) := (fi(c), f2(c)); since f(fi(c)/I) = fa(c)/J by choice of f; and fs, it follows
by definition of f that (fi(c), fa(c)) € A for all ¢ € C, so h(C) C A and thus the
corestriction of h to A verifies the universal property of A; x 4,/5 As.

(ii) = (iii). Let g : Ay — A;/I and q; : Ay — As/J be the projection maps.
Since fogqr: Ay — Ay/J and q5 : Ay —» Ay/J are surjective and A = Ay x4,/ Ay,
pi = mya : A —» A; (i € {1,2}) are surjective ring homomorphisms such that
(foqr)opr = qyope. Set H; := ker(p;) for i € {1,2}; then H;,H, C A are
ideals of A such that H; N Hy = (0) which induce isomorphisms g; : A; = A/H;
(i € {1,2}) yielding an isomorphism g : A; X Ay —+ A/H; x A/H, given by (a1, az) —
(g1(a1), g2(az)). If a := (ay,as) € A C Ay x Ay, then g(a) = (a/Hy,a/Hsy) by definition

of g, therefore g;4 : A — A/H; x A/ H, is an isomorphism onto its image HAI X

H{®Hy Hy

by Lemma 4.2.14.
(i) = (i). Let ¢ € {1,2}. By (iii), the following diagram

A1XA2%>AZ‘

A c
‘gm ‘g ‘gi
Ao A

A A -
-— X - 5 ey == _— % .
H; ﬁ Ha o X H; A/ H;
commutes; since all the vertical arrows are isomorphisms, the composite top mor-
phism is surjective if and only if the composite bottom morphism is surjective; since

A x4 A is a subdirect product of {A/H,, A/H,}, (i) follows. O

i~ gihm He
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Remark 4.2.17. Let A; and Aj be rings and A C A; x Ay be a subring satisfying any
of the items (i) - (iii) in Lemma 4.2.16; then 5+ @H =~ Ay /1 (= Ay/J), where I C A
and J C A, are ideals as in item (ii) in Lemma 4.2.16, and H;, Hy C A are ideals
as in item (iii) in Lemma 4.2.16. Indeed, by the proofs of the implications (i) = (ii)
and (ii) = (iii) in Lemma 4.2.16, I = p;(ker(ps)) and H; = ker(p;) for i € {1,2},
hence I = pl(Hg) it is easy to check from this that ;=7 +> pi(a)/! is a well-defined
— Ay /1.

isomorphism o, @H

Corollary 4.2.18. Let Ay and As be local rings and A C Ay X As be a subring. The

following are equivalent:

(i) A is a local ring and a subdirect product of { Ay, As}.

(ii) There exist ideals I C Ay and J C Ay and a ring isomorphism f : Ay/T — Ay)J
such that A = Ay X 4,5 As.

(iii) There ezist ideals Hy, Hy C A such that HNHy = (0) and H® Hy # A, together
with isomorphisms g; : A; = A/H; (i € {1,2}) yielding an isomorphism g :
Ay x Ay —s A/H, x A/H, such that gra(a) = (a/Hy,a/Hy) for alla € A, and

. . . = A A
g{A 1S an Zsomorphzsm A — Fl X ngHQ H_2

Moreover, if any of the items (i) - (iii) holds, then one may choose:

(a) I :=pi(ker(pa)) and J := pa(ker(p1)) to be the ideals of A1 and Ay in item (ii)
(respectively) and f : Ay/I — As/J to be the map a1 /I — ay/J; and

(b) H; := ker(p;) to be the ideals of A (i € {1,2}) in item (iii), and g; : A; — A/H;

to be the corresponding induced isomorphisms.

Proof. The equivalence of items (i) - (iii) is immediate from Lemma 4.2.16 noting that
if B and C are local rings and ¢ : B —» D and h : C' —» D are surjective ring
homomorphisms, then B xp C'is a local ring if and only if D is not the zero ring. The
last statement in the lemma follows from the proofs of the implications (i) = (ii) and

(ii) = (iii) in Lemma 4.2.16. O

Notation 4.2.19. Let n € N=22? and suppose that A;,..., A, are rings. For each
k€ [n] and j € [k], let m} 15, Ai — [T’_, A; be the projection map onto the first

j factors; in particular, 77 = m; and 7! is the identity map.



CHAPTER 4. LOCAL REAL CLOSED SV-RINGS OF FINITE RANK 130

Proposition 4.2.20. Let n € N=%, Ay, ..., A, be local rings, and A C [[;_, A; be a

subring. The following are equivalent:
(i) A is a local ring and a subdirect product of {A1, ..., A,}.

(i) 7 (A) = Ay (see Notation 4.2.19) and for all j € [n — 1] there exist ideals
I; C 7H(A) and Jj1 © Ajyy such that w (A)/I; = Aj1 /T and

T (A) = 7(A) x4

J

Aj+1§

i+1/Jjv1

m particular,
T‘-Z(A) = A= (((Al X A/ J> A2> X As/J3 A3) T X A1/ Anfl) X A/ In Ap.

(iti) There exist ideals Hy, ..., H, C A with (\i_, H; = (0) and G; = (/| H;) +
H; # A for all j € {2,...,n}, together with isomorphisms g; : A; = A/H;
(i € [n]) yielding an isomorphism g : T\, A — [1r_y A/H,; such that gia(a) =

(a/Hy,...,a/H,), and g4 is an isomorphism

A= i>< i X i X A X i
N H1 % H2 C% Hg G:—l n—1 GA;L Hn

Proof. The proof is by induction on n € N=2. The base case n = 2 is exactly Corollary

4.2.18, so assume now that the proposition holds true for some n := k € N>2. Let
A1, ..., Ay, Aryq be local rings, A C Hfill A; be a subring, and define B := 7TI,§+1(A) C
[T., A;; note in particular that mH(B) = w1 (A) for all j € [k].

()= (ii). Since A is a subdirect product of {A;, ..., A, Agy1}, 77(A) = A; and
B is a subdirect product of {A;,..., Ay}, and since B is a homomorphic image of
A and A is local, B is also local, hence by inductive hypothesis, for all j € [k — 1]
there exist ideals I; C n¥(B) and J;41 C Aji1 such that 7¥(B)/I; = Ajy1/J;11 and

Ty 1(B) = 7 (B) x4

3 A;i1; since A is also a subdirect product of { B, Aj4+1} and

j+1/Jj+1
B is a local, by the implication (i) = (ii) in Corollary 4.2.18 there exist ideals [, C B
and Jyp1 © Apyr such that B/I, =2 Ay /Iy and A = B X4, /7., Argr; (ii) now
follows from 7%(B) = 75*!(A) for all j € [k — 1] and B = 7' (A).

(ii) = (iii). Since 7™ (A) = A, by assumption, 7¥(B) = A;. Therefore, by
inductive hypothesis there exist ideals HY,...,H; C B such that ([, H, = (0),

G = (D= H) + H} # B for all j € {2,...,k}, and there exist isomorphisms
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g+ A; — B/H! (i € [k]) yiclding an isomorphism ¢ : [T, A — [I-, B/H! such
that (¢');5(b) = (b/H1,...,b/H),) for all b € B, and (¢')p is an isomorphism

B = Bx B X B X B X B'
“\\\# "& Hy) " H G H_,) < Hy

note in particular that since A; & B/H; is a local ring for all i € [k] and G; # B for all

j €42,...,k}, Bisalso alocal ring. Since A = 7371 (A) = 777 (A) X a1 jgp iy Arsr =
B X .., /Jrs: Aks1 by assumption, by the implication (i) = (iii) in Corollary 4.2.18
there exist ideals H{', HY C A such that H N H) = (0) and H{ ® H{ # A, and there
exist isomorphisms ¢f : B = A/H{ and g4 : Api1 = A/ HY yielding an isomorphism
g" : Bx Ay — AJ/H{ x A/HY such that (¢")a(a) = (a/HY{,a/HY) for alla € A, and
(9")1a is an isomorphism A = A/HY X o/ayemny) A/ Hy; moreover, by Corollary 4.2.18
(b), HY = er(x1),4) and HY = ker(mic1) 4)). Define Hy i= ((n),4) " (H)) for
all i € [k], Hyyy := HY, and G, := ((Y_| H;) + H, for all j € {2,...,k+1}. Then

k k

ﬂm=ﬂwwmowm=wwmw<mm>

i=1 i=1

= ((mf™)14)7H(0) = ker((m3+)14) = HY

hence N2 H; = H/ N HY = (0) and Gryy = (N5, Hi) + Hipr = HY ® HY # A.

k+1

"1),4 1 A —» Bis surjective, it follows from the above that (7} ™) 4

Moreover, since (7}
induces isomorphisms h; : B/H] — A/H; given by 7y ! (a)/H} — a/H; for all i € [k],
and also that G; = ((W,]:Jrl)m)*l(G;) and A/G; = B/G' for all j € {2,...,k}, hence

G; # Afor all j € {2,...,k}, and the isomorphisms g¢; := (h; 0 g}) : Ay — A/H;

k+1

(i € [k]) and gr1 = gy © Agy1 —> A/Hj4q yield an isomorphism g : [[[Z; A, —

fill A/ H; verifying the last statement in item (iii).
(iii) = (i). Clear using the same argument as in the proof of the implication (iii)
= (i) in Lemma 4.2.16 and noting that A is a local ring since A/H; is a local ring for

allie[k+1]and G; # Aforall j € {2... k+1}. O

Remark 4.2.21. The condition 7] (A) = A; is necessary for the equivalence of (i) and
(ii) in Proposition 4.2.20 to be true. For example, let V' be a non-trivial valuation
ring, and define A; := qf(V), Ay :=V, and A :=V Xy, V; then n7(4) =V # A,
and A is a subring of A; x A, such that A = 77(A) X 4,/5, A2 where I} = J5 := my,
but A it is not a subdirect product of {A;, As}.
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Theorem 4.2.22. Let n € N22 and A be a ring which is not a field. The following

are equivalent:
(1) A is a reduced local SV-ring of rank at most n.

(ii) A is a local ring, and there exist non-trivial valuation rings Ay, ..., A, and an
injective ring homomorphism ¢ : A — [[;_, Ai such that £(A) is a subdirect

product of {Ay,..., A,}.

(iii) There exist non-trivial valuation rings Ay, ..., A, and an injective ring homo-
morphism € : A — [, Ai, such that (7] oe)(A) = Ay (see Notation 4.2.19),
and for all j € [n — 1] there exist ideals I; C (7} o€)(A) and Jj 11 C Ajyq such
that (n7 o€)(A)/I; = Aj1/ i1 and

(W;L—&-l © 5)(14) = (ﬂ-? o 5)(*’4) XAj+1/Jj+l Aj+1;
in particular, A is isomorphic to

(mpoe)(A) = (((Ar Xay/m A2) Xas/05 Az) - X a1 /001 An1) Xa,/0, An-

(iv) There are prime ideals py, ..., pn C A such that (1, p; = (0), G5 == ("=} ps) +
p; # A for all j € {2,....n}, A/p; is a non-trivial valuation ring for all
i € [n], and the canonical ring homomorphism A — [[;_, A/p; given by

a (a/py,...,a/p,) restricts to an isomorphism

(G ) an) e nn) <,
A= — X A — XA — -+ X_ A X A —.
P11 G2 Po Gs P3 Gn-1 Pp—1 Gn Pp

Moreover, if any of the items (i) - (iv) holds, then the following are equivalent:

(a) A has rank exactly n.

(b) For all S C [n], the map mgoe : A —» [l.cqAi is not injective, where A;
(i € [n]) and € are as in items (ii) and (iii), and 7g : [[;_; Ai — [L;cq Ai is the

canonical projection.

(c) p; and p; are incomparable under subset inclusion for all i,j € [n| with i # j,

where p; are the prime ideals of A in item (iv).
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Proof. The equivalence of items (ii) - (iv) follows from Proposition 4.2.20; it therefore
remains to show the equivalence of items (i) and (ii), as well as the equivalence of (a)
- ().

(i) = (ii). Since A is local with rank at most n, Spec™™(A4) = {p;,...,pn} for
some m € [n], and since A is reduced, Nil(4) = (N cgpec(a) P = Npespeemingy P = (0),
and thus the canonical map A — ], A/p; is injective. Since A is not a field and a
local SV-ring, each factor ring A; := A/p; is a non-trivial valuation domain, therefore
(ii) follows by taking A, = --- = A, = A, and € : A — []_, A; to be the
canonical map a — (a/p1,...,a/Pm,@/Pm; ..., a/Pm).

(ii) = (i). Since each A; is a domain and A is isomorphic to the subring e(A) C
[T, Ai, A is reduced, so it remains to show that A is an SV-ring of rank at most
n. Since A is local, it suffices to show by the implication (ii) = (i) in Theorem 4.2.2
that A has at most n minimal prime ideals py,...,p,, and that A/p; is a non-trivial
valuation ring for all ¢ € [n]. For each i € [n], define p; := ker(m; o €); then py,....p,
are prime ideals of A such that each A/p; is a non-trivial valuation ring, and it follows
by Lemma 4.2.13 (I) that Spec™™(A) C {p1,...,pn}, as required.

If any of the items (i) - (iv) holds, then the equivalence of items (a) - (c¢) follows
by Lemma 4.2.13 (II). O

Remark 4.2.23. Recall that a ring is semi-local if it has finitely many maximal ideals;
it is not difficult to see from the proofs of Proposition 4.2.20 and of Theorem 4.2.22
that the class of rings which are isomorphic to subdirect products of finitely many
local domains (resp., valuation rings) is exactly the class of reduced semi-local rings

(resp., reduced semi-local SV-rings) of finite rank.

4.3 Branching ideals

Definition 4.3.1. Let A be a ring. A prime ideal q of A (prime ideals are always
proper subsets) is a branching ideal if there exist distinct qi, qs € Spec(A) such that

1,92 & g and g = g1 + q2.
Remark 4.3.2. Let A be a real closed ring.

(i) If g € Spec(A) is a branching ideal, then rk(A, q) > 2 by Theorem 2.3.2 (II) (iii),
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but the converse does not hold: consider the maximal ideal of A := V Xy, V,
where V' is a non-trivial real closed valuation ring of Krull dimension at least 2
and p is a non-zero non-maximal prime ideal of V', noting that A is a real closed

ring by items (I) and (II) (i) in Theorem 2.3.2.

(ii) A has at least one branching ideal if and only if rk(A) > 2. One implication is
clear; conversely, if q1,q2 € Spec(A) witness that q € Spec(A) is a branching
ideal, then any pi,ps € Spec™"(A) such that p; C q; and py C gy are distinct
by Theorem 2.3.2 (II) (iii), therefore rk(A) > rk(A, q) > 2.

Lemma 4.3.3. Let A be a ring and let qy, qa € Spec(A) be incomparable prime ideals in
(Spec(A), C). Ifpy € qf and p, € q5 are such that p| and p} are chains in (Spec(A), C)
and p1 + pa € Spec(A), then p1 + p2 = q1 + 2.

Proof. The inclusion p; + p2 C gy + g2 is clear, and for the other inclusion it suffices
to show that q; C p; + po and g2 C p; + po; in turn, it follows by the assumptions
on p; and po that it suffices to show that p; + ps € g1 and p; + po € q2. Assume for
contradiction that p; + po C q1; then q; and g, are incomparable prime ideals in pg,
contradicting that pg is a chain, therefore q; C p; + po. The proof of qo C py + po is

analogous. O]

Lemma 4.3.4. Let A be a local real closed ring and py, . .., p, € Spec(A) (n € N=2) be

pairwise incomparable under subset inclusion. For all i € [n] there exists j € [n] \ {i}

such that >~} pr. = p; + p;.

Proof. The proof is by induction on n € N22. The base case is clear, so assume that
the statement holds for some n € N>2 and let py,...,p,11 € Spec(A) be pairwise
incomparable under subset inclusion. Let i € [n + 1] be arbitrary and pick j, €
[n + 1] \ {i}. By inductive hypothesis, there exists j € [n + 1] \ {7, jo} such that
> kefns1)\(iy Pk = Pjo + b, hence ZZS Pr =P +Ppj, +p;; since A is a local real closed
ring, either p; +p; C p; +pj, or p; +pj, C p; +p; by items (II) (iii) and (II) (iv) (a) in
Theorem 2.3.2, hence either ZZS Pr =pi+pj, or Zzg pr = p; +p;, as required. [

Proposition 4.3.5. Let A be a local real closed ring of rank n € N=2. The following

are equivalent:

(i) my is a branching ideal.
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(ii) For all q; € Spec(A) there exists q2 € Spec(A) \ {q1} such that q1,q92 C m4 and
my = q1 + qa.

(iii) There exist distinct py,py € Spec™™(A) such that my = py + po.
(iv) For allp, € Spec™™(A) there exists py € Spec™"(A)\{p1} such that mu = p;+p,.
(v) Ewvery non-unit of A is a sum of two zero divisors.

(vi) There exists a partition S; U Sy = Spec™™(A) such that (Mpes, P) + (Nyes, P) =

my.

(vil) There exist r,s € [n] and local real closed rings A; and Ay with isomorphic

residue field K such that r+ s =n, tk(A;) =7, rk(42) = s, and A = Ay X As.

Proof. Since A is local of rank n € N22, Spec™™(A) := {p1,...,pn}.

(i) < (ii). One implication is clear, so suppose that (i) holds and assume for con-
tradiction that there exists q € Spec(A) such that q + g € my for all ¢ € Spec(A)
with q # q. By (i), there exist distinct q1,q2 € Spec(A) such that qi,q2 C my4 and
m4 = (1 + qo; in particular, q # q; and q # 2. Since A is a local real closed ring,
either q+q1 € q+ g or q+ g2 C q+ g1, and assuming without loss of generality the
former, it follows that ma = q1 +q2 = q+ (91 +92) € g+ g2 & my4, giving the required
contradiction.

(i) & (iii) and (ii) < (iv). Clear by Lemma 4.3.3 noting that if q,q" € Spec(A)

are distinct prime ideals such that q,q" € my and q + q' = my, then q and q' are
incomparable under subset inclusion.

(iii) = (v). Clear since my consists exactly of the non-units of A and since the set
of zero divisors of A is exactly J;_, p; as A is reduced.

(v) = (iii). Since A is a reduced local ring, (v) is equivalent to the statement that
for all ¢ € my there exist 4, j € [n] such that ¢ = b; + b; for some b; € p; and b; € p;,
e, ma C U e (Pi +p5); by Lemma 4.3.4, there exist i’,j" € [n] with ¢ # j such
that » ., p; = ps + pj, therefore

U (Pi+Pj)§ZPi=Pi'+Pj/§mA§ U (pi +p;)
i=1

1,j€[n] 1,j€[n]

implies my = pi + pjr, as required (note that p;,p; C my since rk(A) > 2).
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(iv) = (vi). Pick any p; € Spec™™(A) and define S; := {p € Spec™™(A) | p; +p =
my} and Sy := {p € Spec™™(A) | p; +p # ma}. Note that p; € Sy, and also S; # &
by (iv), therefore S; U Sy = Spec™"(A) is a partition.

Claim. If p € Sy and q € Sy, then p 4+ q = my4.

Proof of Claim. Since q C p+ q,p; +q, either p+q Cp;,+qorp; +q9g Cp+gq;in
the former case it follows that my = p, + (p + q) C p; + q, a contradiction to q € Sy,
therefore p; +q C p+q, hence p;,p C p+q, and thus my = p; +p C p+ q from which
the claim follows. Uctaim

Therefore

(mp)+(mp)@ N G+ Zm.

pPES]T pESL pESthSQ
where (1) follows from Theorem 2.3.2 (II) (iv) (b) and (2) follows from the claim above.

(vi) = (vii). Let Sy U Sy = Spec™"(A) be a partition such that (g p) +
(Mpes, P) = ma. Set r = [Si], s := [Sa], A1 := A/ ,cq, P, and Az := A/ (s, P; then
Ay and A, are local real closed rings of ranks r and s (respectively) with isomorphic
residue field A/my =: K such that r + s = n and A = A; xx Ay, where the latter
statement follows from Lemma 4.2.14.

(vii) = (i). Clear by the description of the Zariski spectrum of the fibre product
Ay xg Ay as Spec(Ay X As) = Spec(A;) Hgpee(k) Spec(Az) and noting that neither
A; nor Ay are fields, see [DST19, Section 12.5.7] (for an algebraic proof, pick tv; €
Spec(4;) \ {my,} and set q; := ker(A; xx Ay — A;/v;) € Spec(A; X Ay); then
g1 = T3 XMy, 2 = My, Xy, and my = my, X my, as subsets of A; xx Ay C Ay X Ay,

hence my = q; + g2 is a branching ideal). O

Remark 4.3.6. Let A be a real closed ring of finite rank and q € Spec(A); clearly q
is a branching ideal if and only if m4, = qA; is a branching ideal of A,, therefore
Proposition 4.3.5 can be applied to give equivalent characterizations for an arbitrary
prime ideal of A to be a branching ideal; in particular, q € Spec(A) is a branching
ideal if and only if there exist distinct p;, p € Spec™™(A) such that q = p; + po (this

also follows immediately from Lemma 4.3.3).

Remark 4.3.7. A local real closed ring A of rank n € N can have at most n — 1
branching ideals; in particular, the set of branching ideals of A is finite. If n = 1, then

A is a domain (Lemma 4.2.9 (III) (i)), therefore A has no branching ideals by Remark
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4.3.2 (ii); the statement for n € N=2 follows by induction using Lemma 4.2.14 and
Theorem 2.3.2 (II) (iii).

Lemma 4.3.8. Let A and B be local real closed rings of rankn € N2 and f : A — B

be an injective ring homomorphism. If my is a branching ideal, then f is a local map.

Proof. By assumption and by the implication (i) = (ii) in Proposition 4.3.5, there exist
two distinct minimal prime ideals p1,po € A such that my = p; + po; by Corollary
4.2.11, there exist qi,qs € Spec™®(B) such that f~'(q:) = p; and f~'(q2) = po,

therefore

ma=p+p2=f"(q1)+ /' (q2) € fHq +q2) C f(mp),

hence f~!(mp) = m, by maximality of my. O

4.4 Rings of type (n,1) and of type (n,2)

The starting point of this subsection is a structure theorem for local real closed SV-
rings of finite rank (Theorem 4.4.2) which is directly deduced from the structure the-

orem for reduced local SV-rings of finite rank (Theorem 4.2.2); first, a lemma:

Lemma 4.4.1. Let A and B be real closed rings. Suppose that there exist ideals I C A
and J C B such that A/I = B/J. The fibre product C := A xg,; B is real closed if
and only if I and J are radical ideals of A and B, respectively; in particular, if either
A or B are real closed valuation rings, then C is real closed if and only if both I and

J are prime ideals of A and B, respectively.

Proof. If I and J are radical ideals, then C' is real closed by items (I) and (II) (i)
in Theorem 2.3.2. Conversely, suppose that C' is real closed and let py : C —» A
and pg : C —» B be the canonical surjections. Since both A and B are real closed,
ker(p4) and ker(pp) are radical ideals of C' (Theorem 2.3.2 (II) (1)), and since C'is real
closed, ker(pa) @ ker(pp) is also a radical ideal (Theorem 2.3.2 (II) (iv)), therefore I
and J are radical ideals by Remark 4.2.17; the last statement of the lemma follows
from B/J = A/I and from the fact that radical ideals in valuation rings are prime

ideals. O
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Theorem 4.4.2. Let n € N=2 and A be a ring which is not a field. The following are

equivalent:

(i) A is a local real closed SV-ring of rank at most n.

(ii)) A is a local real closed ring, and there exist non-trivial real closed valuation
rings Aq, ..., A, and an injective ring homomorphism ¢ : A — [[_, A; such

that €(A) is a subdirect product of {Ay,..., An}.

(iii) There exist non-trivial real closed valuation rings Ay, ..., A, and an injective
ring homomorphism € : A — [[;_, Ai, such that (77 o )(A) = A; (Notation
4.2.19), and for all j € [n — 1] there exist prime ideals i; & (7} o ¢)(A) and

Jj41 © Aji1 such that (7} 0 €)(A)/i; = Aji1/jj and
(ﬂ-;'l—&-l © 5)(14) = (ﬂ-;l © E)(A) XAj+1/jj+1 Aj+1;
m particular,

A= (mr0e)(A) = (((A1 X ay/ia A2) X a5i5 A3) = X Ay fins An—1) X A, fin An-

(iv) There exist prime ideals py, ..., pn, C A such that (\f_, pi = (0), q; := (V=] ps)+
p; € Spec(A) for all j € {2,...,n}, A/p; is a non-trivial real closed valuation
ring for all i € [n], and the canonical ring homomorphism A — [, A/p;

given by a — (a/p1,...,a/p,) restricts to an isomorphism

(Grem)=em)<arim) e
A = — XA — Xa — |-+ X_a_ X A —.
pl a2 pg a3 pg Un—1 pn—l an pn

Moreover, if any of the items (i) - (iv) holds and rk(A) = n, then the prime ideals

P, P © A in ditem (iv) are pairwise incomparable under subset inclusion and
Spec™™(A) = {p; | i € [n]}.

Proof. Note first that each of the items (i) - (iv) in the theorem implies the corre-
sponding item in Theorem 4.2.22.

(i) = (ii). By the implication (i) = (ii) in Theorem 4.2.22, it suffices to show that
the non-trivial valuation rings A, ..., A, in item (ii) of Theorem 4.2.22 are real closed.
Since m; 0 : A —» A, is surjective and A; is a domain for each i € [n], ker(m; o ¢) is
a prime ideal of A, hence radical, therefore A; = A/ker(m; o€) is real closed since A is

real closed (Theorem 2.3.2 (1) (i)).
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(ii) = (iii). By the implication (ii) = (iii) in Theorem 4.2.22, it suffices to show
that the ideals I; C (7} o¢)(A) and Jj41 C Ajyq in item (iii) of Theorem 4.2.22 are
prime for all j € [n — 1]. Pick j € [n — 1]; since (77, 0 €)(A) is a subring of 12 A,
(7%, 0 €)(A) is reduced, and thus ker(n7,, o ¢) is a radical ideal of A, and since A is
real closed, it follows that (77, 0¢)(A) is also real closed for all j € {1,...,n—1} by
Theorem 2.3.2 (II) (i). Since n'(A) = m(A) = A; is real closed, it now follows from
(7 0e)(A) = (77 o e)(A) Xa;,1/0,, Ajrr and from Lemma 4.4.1 that [; C 77(A)
and J;41 € Aj4 are prime ideals for all j € {1,...,n—1}.

(iii) = (iv). By the implication (iii) = (iv) in Theorem 4.2.22, it suffices to show
that the non-trivial valuation ring A/p; is real closed for all ¢ € [n| and that G, €
Spec(A) for all j € {2,...,n}, where p;, and G, are the ideals of A in item (iv) of
Theorem 4.2.22. By (iii) and Lemma 4.4.1, A is real closed, therefore A/p; is real
closed by Theorem 2.3.2 (II) (i). Since A is real closed and the intersection of radical
ideals is radical, G; = (Y, ps) + p; is a radical ideal of A by Theorem 2.3.2 (II) (iv),
hence G;/p; is a radical ideal of the valuation ring A/p;, therefore it is prime, from
which G; € Spec(A) follows.

(iv) = (i). By the implication of (iv) = (i) in Theorem 4.2.22, it suffices to argue
that A is real closed; but this follows from Lemma 4.4.1 together with the fact that
each A/p; is real closed and that each of the ideals q; are prime.

Finally, if any of the items (i) - (iv) holds and py,...,p, C A are the prime
ideals in item (iv), then A is a local ring and a subdirect product of the domains
{A/p1,...,A/p,}, therefore if rk(A) = n, then Spec™™(A) = {p; | i € [n]} follows by
Lemma 4.2.13 (1I). O

Remark 4.4.3. Let A be a local real closed SV-ring of rank n € N22 and write
Spec™™(A) = {p; | i € [n]}; the ideals q; := (N2, pi) +p; € Spec(4) (j € [ —1]) in
item (iv) of Theorem 4.4.2 are exactly the branching ideals of A (note that it could
be the case that q; = q; for ¢ # j). Pick j € [n — 1]; then q; = (ﬂf;ll p)+p; =
(Y= (p: + p,) = o + p; for some k € [j — 1] by items (II) (iii), (I) (iv) (a), and (II)
(iv) (b) in Theorem 2.3.2, therefore q; is a branching ideal. Conversely, suppose that
q € Spec(A) is a branching ideal; By Remark 4.3.6 there exist distinct 4, j € [n] such
that ¢ # j and q = p; +p;. Let i € [n] be minimal with the property that there exists
Jo € [n] such that i < jo and p; +pj, = q, and let j € [n] be minimal with the property
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that ¢ < j and p; +p; = q. Assume for contradiction that there exists k € [j — 1] such
that py +p,; € p; +p,; note in particular that p; +pi C p; +p;. Then p;, +pi € p; + pr
as otherwise p; C p; + pr C p; + pi implies p; +p; C p; + pr S p; + p;, therefore
p; +pr € p; + pi, and thus p; +p; C p; +pr € p; + pj, hence p; +pp = p; +p; = q,
a contradiction to minimality of j. Therefore p; +p; C pi +p; for all k£ € [j — 1], and
thus q; = (Myegj_1y Pr) + 95 = ey (Px + Pj) = pi + p; = g, as required.

Remark 4.4.4. Tt is clear from the proof of Theorem 4.4.2 that a similar structure
theorem holds for local real closed rings of finite rank: just replace every occurrence

of “non-trivial real closed valuation ring” by “non-trivial real closed domain”.

Remark 4.4.5. Any real closed ring has bounded inversion ([SM99, Example 2.11,
Proposition 12.4. (b)]), therefore a real closed domain is a real closed valuation ring
if and only if it is 1-conver by [Larl0, Lemma 2.2]; in particular, local real closed
SV-rings of finite rank are particular examples of Larson’s finitely 1-convex f-rings,

see [Larll].

Let A be a local real closed SV-ring of rank n € N=2%; by the implication (i) =
(iv) in Theorem 4.4.2; A is isomorphic to a finite iterated fibre product of non-trivial
real closed valuation rings A/p; along surjective homomorphisms A/p; —» A/q; onto
real closed valuation rings A/q;, and the simplest such rings are the ones for which
Alq; = AJq; for all 7,5 € [n], i.e., local real closed SV-rings of rank n with exactly
one branching ideal (Remark 4.4.3). The focus of the remaining part of this section is

on rings of this latter class.

Notation 4.4.6. Let {A;};c; be a non-empty family of rings such that there exists a

ring B and surjective ring homomorphisms f; : A; —» B for all i € I. Let

HB,ie[Ai = {(ai>iel € HAi | fia:) = fj(a;) for all i, j € [}
ic

be the I-fold fibre product of {A;}ier over B (along { fi}ier). If there exists a ring A
such that A; = A for all i € I, then set [[LA = [15.csAi; if moreover I = [n] for

some n € N, then set [[RA := HE;L]A.

Lemma 4.4.7. Let A be a local real closed SV-ring of rank n € N=2 and write

Spec™™(A) = {p; | i € [n]}. The following are equivalent:
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(i) A has exactly one branching ideal.
(i) p; +pj =px +pe for all i, j,k, 0 € [n] such thati # j and k # (.

(iii) There exist non-trivial real closed valuation rings Ay, ..., A, and surjective ring

homomorphisms f; : A; —» C' (i € [n]) onto a real closed valuation ring C' such

that ker(f;) # (0) for all i € [n] and A =[] e Ai-

In particular, if any of the conditions (i) - (iil) holds and by € Spec(A) is the unique
branching ideal of A, then

(a) ba=p;+p; for alli,j € [n] such that i # j, and

(b) the canonical embedding A — ;o) A/Pi given by a — (a/p;)iepm) corestricts
to an isomorphism A =[], icimA/Pi

Proof. (i) = (ii). Clear by Remark 4.3.6.

(ii) = (iii). Since A is local of rank n, Spec™™(A) := {p1,...,pn}. Define A; :=
Afp; and q; = (=i pi) +p; for all j € {2,...,n}. Ifj € {2,...,n}, then q; =

71 (pi+p;) by Theorem 2.3.2 (IT) (iv) (b), and since p;+p; € Spec(A) for all i € [j—1]

by Theorem 2.3.2 (I1) (iv) (a), there exists j/ € [j — 1] such that q; = (V| (p: +p;) =
p; + p; by Theorem 2.3.2 (II) (iii), therefore it follows by (ii) that q; = g; for all
i,j € {2,...,n}. Define q := q; for some (equivalently, all) j € {2,...,n}; then
A = [14/qicimA/pi by the implication (i) = (iv) and the moreover part in Theorem
4.4.2, from which (iii) follows.

(iii) = (i). Spec(C) is a closed subspace of Spec(A) with unique generic point
q = ker(A — C), therefore follows from the description in [DST19, Section 12.5.7] of
Spec(A) that the unique branching ideal of A is q.

The last statement in the lemma follows from the proof of the equivalences (i) -
(ii). O
Definition 4.4.8. Let A be a ring and n € N=2,

(i) A is of type (n,1) if A is a local real closed SV-ring of rank n with exactly one

branching ideal b4, which moreover is maximal.

(ii) A is of type (n,2) if A is a local real closed SV-ring of rank n with exactly one

branching ideal b4, which moreover is not maximal.
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Example 4.4.9. Let R be a real closed field, X C R™ be a semi-algebraic curve, and
a € X be a point with branching degree n € N=2 (see Subsection 2.3.2). It follows by
the implication (iii) = (i) in Lemma 4.4.7 and Corollary 2.3.37 that the ring of germs

of continuous semi-algebraic functions X — R at a is a ring of type (n, 1).

4.4.1 Embeddings of rings of type (n,1) and of type (n,2)

This section concludes with embedding statements about rings of type (n,1) and of
type (n,2) which have a key impact on the model theory of these rings; in particular,
Lemmas 4.4.21 and 4.4.22 (which can be thought of as a higher-rank version of Propo-
sition 2.3.9) are essential for the model completeness proofs in Section 4.5. Start with

the following and almost trivial:

Lemma 4.4.10. Let A be a local real closed SV-ring of rank n € N22. There exists a

ring A" of type (n,1) and a local embedding A — A'.

Proof. Set Spec™"(A) = {p; | i € [n]}. The canonical map A — [Ticpn A/pi given
by a — (a/p1,...,a/p,) is an embedding, and each A/p; is a non-trivial real closed
valuation ring with residue field A/m, from which follows that A" := ], , ic(n 4/Pi
is a ring of type (n,1) and the embedding A —— Hiew A; corestricts to a local
embedding A — A’. O

In fact, Lemma 4.4.10 still holds even if A is not an SV-ring; first, a lemma:
Lemma 4.4.11. Let A be a real closed domain.
(i) A=qf(A) if and only if A is cofinal in qf(A).

(ii) Suppose that A is non-trivial, i.e., A # qf(A). The convex hull V4 of A in qf(A)

is a non-triwial real closed valuation ring such that A Nmy, = my.

Proof. (i). Suppose that A is cofinal in qf(A) and pick a € A”Y. Then there exists
b € A such that 0 < a=! < b, therefore 0 < 1 < ab and thus there exists ¢ € A such
that abc = 12 = 1 (Definition 2.3.1 (iii)), from which a™! = bc € A follows.

(ii). V4 is a non-trivial real closed valuation ring because it is a proper convex
subring of qf(A) by item (i). Clearly A Nmy, C my. Conversely, pick a € my such

that a > 0 and assume for contradiction that a ¢ my,; then a™! € V), therefore there
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exists b € A such that 0 < a™! < b, and thus arguing as in the proof of item (i) it

follows that a=! € A, yielding the required contradiction. O]

Proposition 4.4.12. Let A be a local real closed ring of rank n € N22. There emists
a ring B of type (n,1) and a local embedding A — B.

Proof. Set Spec™®(A) = {p; | i € [n]}; each A/p; is a non-trivial real closed domain
with residue field A/my, therefore the canonical embedding A < [];c;,; A/pi given
by a > (a/p;)iefn corestricts to a local embedding A < T[4y, icpn) A/Pi =t Bo. For
each i € [n], the convex hull V; of A/p; in qf(A/p;) is a non-trivial real closed valuation
ring by Lemma 4.4.11 (ii). Let k; := V;/my, and I'; := qf(V;)*/V;* for all i € [n]; note
that since AN my, = my (Lemma 4.4.11 (ii)), the residue field A/m,4 embeds into k;
for all i € [n]. Let k be a real closed field amalgamating all the k; over A/my, let
I' be a divisible totally ordered abelian group into which all the I'; embed, and let
g; + Vi — Kki[[[';]] be a local embedding for all i € [n] (these exist by Proposition

2.3.9); all this data fits into commutative diagrams

ki [[[]] —— K[} ¢——— &;[[I]

§

k;[[L;]]

N

Vie—» «—V;

\/

Afpi ——— A/my «——— A/p;

for all 7,5 € [n]. Commutativity of the diagrams above for all i,j € [n] implies that

the resulting composite local embeddings
Afpi — Vi = K[[TY]] = Ki[[T]] = K{[T]]

for all i € [n] yield a local embedding By < [[,k[[T]] =: B, therefore the composite
map A < By — B is a local embedding of A into the ring B of type (n,1), as
required. O]
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Convention 4.4.13. Let j € [2], and let A and B be rings of type (n,j) such that
A C B; write also Spec™™(A) := {p; | i € [n]} and Spec™™(B) := {q; | i € [n]}.
By Corollary 4.2.11 it can be assumed that q; N A = p; for all i € [n], and thus
by the implication (i) = (iii) and item (b) in Lemma 4.4.7 it can be assumed that
A =[lcicpAi and B =[] c(, Bi, where A; := A/p; and B; := B/q; for all i € [n],
C := A/by, and D := B/bp; in particular, the embedding A C B induces embeddings
A; C B; for all i € [n].

Lemma 4.4.14. Let A and B be rings of type (n,1). Any embedding A C B s local

and it induces local embeddings A; C B; for all i € [n] (Convention 4.4.13).

Proof. That any embedding A C B is local follows from Lemma 4.3.8; since A C B is
local, so are each of the embeddings A; C B; (Remark 4.2.12). O

Lemma 4.4.14 says that any embedding A C B of rings of type (n,1) sends the
unique branching ideal bg of B to the unique branching ideal b4 of A, i.e., bgNA = b4,
and since the branching ideals of these rings are exactly the maximal ideals, this
means that A C B is a local embedding; the next example shows that this property of

arbitrary embeddings of rings of type (n, 1) does not carry over to rings to type (n,2):

Example 4.4.15. Let V be a real closed valuation ring of Krull dimension 4 such
that (Spec(V),C) is the chain (0) C p € g C v € my; define A := V Xy, V,
B =V, Xy, pv, Ve and C := Vi Xy, /qv; Vi. Then A C B and B C C are embeddings
of rings of type (2,2) such that the embedding A C B is not local but by N A = by,
and the embedding B C (' is local but bg N B 2 bp; in particular, the embedding
A C C is not local and b N A D by. The diagram below represents the composite
spectral map Spec(C') — Spec(B) — Spec(A) induced by the composite embedding
ACBCC

me ------------------- >Mp __ . my
\\\\“*».‘
|
bg --------------------3 O I > ®
/N | |
e e T 3bpee e > by
/ - - /0N /N
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where a;,ay € A are any non-zero orthogonal elements (Corollary 4.2.11); an analogous
construction shows that for all n € N=2 there exists embeddings A C B and B C C
of rings of type (n,2) such that A C B is not a local embedding and such that
beN B2 bg.

Embeddings A C B of rings of type (n,2) which satisfy mpNA =my4 and bgNA =
bp play an important role in the model-theoretic analysis of this class of rings; to this

end, make the following:

Definition 4.4.16. An embedding A C B of rings of type (n, 2) is good if mpNA = my
and bp N A =bpg.

Remark 4.4.17. Let A and B be rings of type (n,j) such that A C B and write
A =TlcicpAi and B = []p ;e Bi (Convention 4.4.13). If j = 1, then C' and D are
real closed fields and the embedding A C B induces an embedding C' C D by Lemma
4.4.14; if 7 = 2, then C and D is are non-trivial real closed valuation rings and the

embedding A C B is good if and only if it induces a local embedding C C D.

Definition 4.4.18. Let f : A —— B be an injective ring homomorphism and p €
Spec(B). Say that f is sharp at p if the induced embedding A/f~(p) — B/p is an

isomorphism.

Definition 4.4.19 (cf. Definition 6 in [Larll]). Let j € [2]. A ring A of type (n,j)
is homogeneous if there exists a non-trivial real closed valuation ring V' together with

surjective ring homomorphism f : V —» B onto a real closed valuation ring B such

that A =[5V (Notation 4.4.6).

Example 4.4.20. Let V and W be non-trivial real closed valuation rings with iso-
morphic residue field k. If there exists a local embedding € : V- —— W, then € induces
a local embedding f : V x; W —— W X, W =: B, therefore f is an embedding of a
ring of type (2, 1) into a homogeneous ring of type (2,1), and f is sharp at mp. This
construction cannot be done in general. More precisely, let k be a real closed field,
I' be a countable non-archimedean totally ordered divisible abelian group, and define
A = E[[[']] xx k[[R]]; there does not exist any embedding A — k[[T']] x k[[[']] nor
any embedding A — E[[R]] x E[[R]]. Otherwise, such embeddings would induce
either a local embedding k[[R]] — K[[I']] or a local embedding k[[I']] — Kk[[R]]
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(Lemma 4.4.14); the latter embeddings give rise to embeddings of divisible totally

ordered abelian groups R —— I' or I' —— R, which is impossible by choice of T'.

Lemma 4.4.21. Let A and B be rings of type (n,1) such that A C B. There ezist
rings A" and B" of type (n,1) and embeddings s : A — A" and ep : B — B’ such

/

that A C B, €4 is sharp at ba (= mas), g is sharp at bp (= mp), A" and B’ are

homogeneous, and egja = €a.

Proof. Write A = Hk,ie[n]Ai and B = Hlﬂ.e[n] B;, where A; and B; are non-trivial real
closed valuation rings with residue fields k and [ (respectively) for all i € [n], see
Convention 4.4.13; set also I'; := qf(A;)* /A" and A, := qf(B;)*/B]*, noting that the
local embedding A; C B; (Lemma 4.4.14) induces a local embedding k[[T';]] C I[[A;]]
for all i € [n]. By Proposition 2.3.9 there exist local embeddings n; : A; — E[[I';]]
and 6; : B; — l[[A;]] such that 6;;4, = n; for all i € [n]; by embedding all the
divisible o-groups 4; into a divisible o-group A, it follows that the local embeddings
n; and ¢; induce local embeddings 7} : A; — K[[A]] and 9§} : B; — [[[A]] such that
04, = ;- Define A’ := [ K[[A]] (Notation 4.4.6), B’ := [[;[[A]], €a to be given
by ea(a) :== (ni(a1),...,n(as)), and e to be given by eg(b) := (81(b1),...,0,(bn));
it is clear by construction that this choice of data satisfies the requirements in the

statement of the lemma. O

Lemma 4.4.22. Let A and B be rings of type (n,2) such that A C B and such that
A C B is a good embedding (Definition 4.4.16). There exist rings A" and B’ of type
(n,2), and good embeddings €4 : A — A’ and eg : B — B’, such that A’ C B/,
the embedding A" C B’ is good, €4 is sharp at ba, e is sharp at bg, A" and B' are

homogeneous, and epra = €4.

Proof. Write A = Hc,ie[n]Ai and B =[] D.icn Bi» Where A; and B; are non-trivial
real closed valuation rings having non-trivial real closed valuation rings C' and D as
homomorphic images (respectively) for all i € [n], see Convention 4.4.13; set also
ba, := ker(A; - C) and bp, := ker(B; — D), noting that neither by, nor bp, are
the zero ideal by the implication (i) = (iii) in Lemma 4.4.7. For each ¢ € [n], the

localization (A;)y, is a non-trivial real closed valuation ring properly containing A;

bAi

with residue field (Ai)o, /b4,(Ai)o,, = (Ai)o,,/ba, = af(Ai/ba,) = qf(C), therefore
A= [Tat0y.icmn (Aidoa, 1s a ring of type (n,1) such that A C A; similarly, B =
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[Tty icin)(Bi)es, is a ring of type (n, 1) such that B C B, and since A C B a good
embedding, it induces an embedding A C B making the obvious square commute (cf.
Remark 4.4.17).

By Lemma 4.4.21, there exist rings A’ and B’ of type (n,1) and embeddings €z :
A< A and €g B — B’ such that A’ C B, €4 is sharp at by (= my), ez is
sharp at bg, (= mgz), A" and B’ are homogeneous, and ez, 3 = £3; in particular,
there exist non-trivial real closed valuation rings V' and W with residue fields qf(C)

and qf(D) (respectively) such that V' C W and making the diagram

o\ /\

(A;) [,A —» qf(C) — qf(D

T

A; C -

i

commute for all ¢ € [n], where Ay and Ay are the residue field maps and ¢ aqand e
are the embeddings induced by €; and 5 (respectively). Define V' := A\;'(C) and
W' := \;}(D); then V' and W' are non-trivial real closed valuation rings by Lemma
2.3.10, and using the fact that \;'(C) = V Xgcy C and A/ (D) = W xgqpy D, it
follows from the universal property of the pullback that the diagram

Vv’ w’
£ V \ / Y,i
A; C D B;

commutes for all ¢ € [n], where €4, and €p; are the restrictions of €, and €5, to

A; and B; (respectively), and V' C W’ is induced by V' C W. Define A" := [[2V",

=[IpW' ea: A~ A to be given by e4(a) := (ca1(a1),...,can(an)), and ep :
B —— B’ to be given by €5(b) := (eg1(b1),...,ep(bn)); it is clear by construction

that this choice of data satisfies the requirements in the statement of the lemma. [
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4.5 Model theory

Throughout this section, set . := " = {4 — . 0,1}.

4.5.1 The theories T, T},1, and T}, -

Lemma 4.5.1. There exists an £ -sentence py—, such that for all reduced local rings

A, A @ue=n if and only if A has rank n.

Proof. By Lemma 4.2.9 (I1I) (i) one may define ¢, to be the Z-sentence expressing
the following statement about A: “there exist non-zero pairwise orthogonal elements
ai,...,a, € A such that if b € A is a non-zero element distinct from all the a;, then b

is not orthogonal to some a;”. O]

Lemma 4.5.2. There exists an £ -sentence psy ,, such that for all reduced local rings
A of rank n, A = @sv., if and only if A is an SV-ring; moreover, pgy., can be chosen
to be a universal sentence in the language £ (div), where div is a binary predicate

interpreted as divisibility.

Proof. Let aq,...,a, € A be any non-zero pairwise orthogonal elements, so that
Spec™™(A) = {Anny(a;) | i € [n]} by Lemma 4.2.9 (III) (ii). By the implication
(i) = (ii) in Theorem 4.2.2, A is an SV-ring if and only if for all b,¢ € A and for all
i € [n], b/Ann(a;) divides ¢/Ann(a;) or ¢/Ann(a;) divides b/Ann(a;) in A/Anna(a;);

moreover,

A/Anny(a;) = div(b/Ann(a;),c/Ann(a;)) <= A = Jz[(bx — ¢)a; = 0]
<— A [ div(bay, ca;),

therefore one may define pgv ,, to be the Z-sentence expressing the following statement
about A: “for all non-zero pairwise orthogonal a, ..., a, € Aandforallb,c € A, either

ba,; divides ca; or ca; divides ba;”. O

Definition 4.5.3. Let T}, to be the .Z-theory of local real closed SV-rings of rank n;
explicitly, an axiomatization for 7T,, consists of the .Z-axioms for local real closed rings
([PS, pp. 5, 9]) together with the sentences ¢y—, and psy, defined in Lemmas 4.5.1

and 4.5.2, respectively.
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Definition 4.5.4. Let ¢y, , to be the Z-sentence expressing the following statement
about a ring A: “Ann(a;) + Ann(a;) = Ann(ay) + Ann(a,) for all pairwise orthogonal

non-zero elements ay, ...,a, € A and for all i, j, k, ¢ € [n] such that i # j and k # (.”

Lemma 4.5.5. The following are equivalent for all local real closed rings A of rank n:

(1) A }: Pbr,n -
(ii) A has exactly one branching ideal.

Proof. By the equivalence (i) < (ii) in Lemma 4.4.7 together with Lemma 4.2.9 (III)
(ii). O

Definition 4.5.6. (i) Let 7,1 be the Z-theory T,, together with ¢y, , and the .Z-
sentence expressing the following statement about a ring: “every unit is a sum

of two zero divisors”.

(ii) Let T}, 2 be the Z-theory T,, together with ¢y, ,, and the £-sentence expressing
the following statement about a ring: “there exists a unit which is not a sum of

two zero divisors”.

Lemma 4.5.7. A =T, if and only if A is a ring of type (n,1) and A =T, 5 if and
only if A is a ring of type (n,2).

Proof. By Lemma 4.5.5 and the equivalence (i) < (v) in Proposition 4.3.5. O

Remark 4.5.8. (i) By [PS, pp. 5, 9], the Z-theory of real closed rings has a recur-
sive axiomatization; in particular, both of the theories T;,; and T, , also have

recursive axiomatizations.

(ii) By Lemma 4.2.9 (III) (ii), every minimal prime ideal is parametrically definable
in models of 7},; and in models of 7,5, but minimal prime ideals cannot be
defined without parameters in models of either of these theories: for instance, if V'
is a non-trivial real closed valuation ring with residue field k, then V x, V' |= T,
and the map V xxV — V x V given by (ay,as) — (ag, aq) is an automorphism

which swaps the two minimal prime ideals.
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(iii) If A |=T,1, then by = m, and thus the branching ideal b, is definable without
parameters. If A = T,,, then by C my and the branching ideal b, is also
definable without parameters by the formula expressing the following about an
element a € A: “a € Ann(a;) + Ann(a;) for all non-zero pairwise orthogonal

ai,...,a, € Aand for all 7,j € [n] such that ¢ # j” (see Lemma 4.2.9 (III) (ii)
and Lemma 4.4.7 (a)).

4.5.2 Model completeness

The core of this section consists of Theorems 4.5.15 and 4.5.21. The first key idea
for these model completeness results is that if A C B is an embedding (resp. a good
embedding, see Definition 4.4.16) of rings of type (n, 1) (resp. of rings of type (n,2)),
then the corresponding embeddings A; C B; of non-trivial real closed valuation rings
(see Convention 4.4.13) are elementary in suitable expansions of the language of rings
(Proposition 2.3.13); the second key idea is using the first key idea together with
Lemma 4.5.11 to show that under some hypotheses, A is existentially closed in B
(Lemma 4.5.13 and Lemma 4.5.20), and then put everything together using Lemma
4.4.21 and Lemma 4.4.22.

Notation 4.5.9. Let {A;}ic; be a non-empty family of rings such that there exists
a ring B and surjective ring homomorphisms f; : A; —» B for all i« € I, and set
A= [Ip.crAi (see Notation 4.4.6); in particular, A is a subdirect product of [[,.; A;

with canonical projection maps p; : A —» A, for all i € 1.

(i) If @ € A, then write a; := p;(a), and if r € N2? and @ € A", then write

a; := (ay,...,a.) € Al for all i € I.

(ii) If F(z) € A[z], then write F;(Z) for the polynomial in A;[Z] obtained by replacing

each coefficient a € A appearing in F(Z) by a;.

Remark 4.5.10. Let {A;};,cr and B be as in Notation 4.5.9 and set A := HB,ieIAi'
If F(z) € Alzy,...,2,] and @ € A", then F(a); = F;(a;) for all i € I, therefore
AEF(a)=0if and only if A; = Fi(a;) =0 for all i € I.

Lemma 4.5.11. Let {A;};,cr and B be as in Notation 4.5.9 and set A := HBJEIA,-.

Let o(z1,...,x,.) be a quantifier-free £ -formula with parameters from S C A, and
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a € A" be such that A = p(@). There exist quantifier-free £ -formulas vz (x1, ..., x,)
with parameters from S; = p;(S) C A; (i € I) such that

(i) A= ¢(a) if and only if A; = pai(@;) for alli € I, and
(ii) if a’ € A" is such that A; = pai(d’;) for alli € I, then A = ¢(d).

Proof. Since p(x1,...,x,) is quantifier-free and A |= (@), it can be assumed that ¢

is of the form

M\ E @) =0 Fy(7) #0,

A€A

where A is a finite index set and Fy € S[zy,...,,] for all A € A. For each i € I,
define @g;(z1,...,z,) to be the Z-formula (with parameters from ;)

M\ Fi@) =0m M\{F5@) £0] A = F, (@) # 0};

AEA AeA
note that for each i € I, if A; = F,;(a;) = 0 for all A € A, then ¢5,(7Z) is logically
equivalent to A\,c, F;(Z) = 0. Items (i) and (ii) in the statement of the lemma now

follow by Remark 4.5.10 and by construction of the formulas ¢z ;(z1, ..., z,). O

Remark 4.5.12. The converse of item (ii) in Lemma 4.5.11 does not hold in general.
For example, let A := A; X Ay, where A; and A, are non-trivial local domains with
residue field k, p(z) be the Z-formula cx # 0 with parameter ¢, where ¢ := (¢, ¢3) €
A C A; x Ay is such that ¢; € my, \ {0}, and define a := (¢1,0) € A; clearly A = ¢(a).
By the construction in the proof of Lemma 4.5.11, ¢, () is the Z-formula c;z # 0
with parameter ¢, ¢, 2(x) is an empty conjunct (hence logically equivalent to z = z),
and clearly A = ¢(a) if and only if A) = ¢,1(a1) and Ay = @41(az); but A = ¢(b)
and A; ¥ @, 1(b1) for b:= (0,c2) € A.

Model completeness for T, ;

For the next lemma recall that any embedding A C B of models of T),; is local
and it induces local embeddings A; C B; for all i € [n], see Convention 4.4.13 and
Lemma 4.4.14; moreover, if A C B is sharp at bg (= mp), then (A/my =) A;/my, =
B;/mp, (= B/mpg) for all i € [n], see Definition 4.4.18.

Lemma 4.5.13. Let A, B = T,1 be such that A C B.
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(I) If A C B is sharp at bg (= mp), then A is existentially closed in B.

(IT) If both A and B are homogeneous (Definition 4.4.19), then A is existentially

closed in B.

Proof. Let ¢(xq,...,x,) be a quantifier-free Z-formula with parameters from A and
let b € B" be such that B |= ¢(b); by Lemma 4.5.11 there exist quantifier-free #-

formulas ¢z, (1, ..., 2z,) with parameters from A; (i € [n]) such that

(i) B[ ¢(b) if and only if B; |= ¢5,(b;) for all i € [n], and
(ii) if @ € B" is such that B; = ¢5,(a;) for all i € [n], then B = ¢(a).

(I). For each ¢ € [n] and each j € [r], pick ¢;; € A; such that ¢;;/m,, is the image
of bj;/mp, under the isomorphism A;/mu, = B;/mp,; since A, B |= T, and b e B,
it follows by choice of ¢;; € A; that ¢; :== (¢j1,...,¢n) € A for all j € [r], and thus

¢:=(c1,...,¢) € A". Again by choice of ¢;; € A; and by item (i) above,

(Bi?mB ): Sobz M\ Cﬂ

JElr]

since A; C B; is a local embedding for all i € [n], by Proposition 2.3.13 (i) there exist
aj; € A, (] c [T]) such that

(Ai,ma,) = op,@) m N\ m(as — c;i)

jelr]

for all ¢ € [n], where @; := (ay;,...a,;). Once again by choice of ¢;; € A;, a; =
(aji,...,a;,) € Aforall j € [r], and thus @ := (ay,...,a,) € A" C B"; since 4; |=
¢5.:(@;) and @5 ,(7) is quantifier-free, B; |= ¢5,(@;) for i € [n], so by item (ii) above it
follows that B |= (@), and since A is a substructure of B and () is quantifier-free,
A = ¢(a) follows.

(IT). Since A and B are homogeneous, it can be assumed that there exist non-trivial
real closed valuation rings V' and W such that A; =V and B; = W for all i € [n]; in
particular, b;; € W for all ¢ € [n] and j € [r]. By item (i) above,

(Womw) b= M\ @abris - b) A R\ by = by,

i€ln) JElr], 4,3’ €[n]
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and since V' C W is a local embedding, by Proposition 2.3.13 (i) there exist a;; € V
(i € [n], j € [r]) such that
Vimy) = M\ eoalari - na) A N\ mlag — aji).
i€ln] JE[r], 4,i'€[n]

It follows that for each j € [r], a; := (aj1,...,aj,) € A and thus @ := (ay,...,a,) €
A" C BT since V' = 5,(a;) and @5 ;(7) is quantifier-free, W = 5,(@;) for i € [n], so
by item (ii) above it follows that B = (@), and since A is a substructure of B and
©(Z) is quantifier-free, A = p(a) follows. O

Remark 4.5.14. The proof of Lemma 4.5.13 (I) can be used mutatis mutandis to show
that given arbitary collections of non-trivial real closed valuation rings {V;};c; and
{Wi}ier with V;/my, = W;/my, = k and V; C W; for all i € I, then HMGIVi is
existentially closed in [], o, Wi.

Theorem 4.5.15. T, ; is model complete.

Proof. Combine Lemmas 4.5.13 and 4.4.21. n

Model completeness for T, ,

The main difference between embeddings of models of 7}, ; and embeddings of models of
T, 2 is that every embedding A C B of models of T}, ; is local (hence also bpNA = b,),
but this is not the case for models of T}, 5 (i.e., not every embedding of models of 7T}, o
is a good embedding, Example 4.4.15 and Definition 4.4.16); this fact, together with

the next lemma implies that 7;, » is not model complete in the language of rings:

Lemma 4.5.16. Let A and B be local real closed rings of rank n such that A C B.
If A s existentially closed in B, then the embedding A C B is local and q N A is a

branching ideal of A for every branching ideal q € Spec(B).

Proof. That A C B must be a local embedding is clear. Let now ai,...,a, € A
be non-zero pairwise orthogonal elements, so that Spec™(A) = {Annx(a;) | 7 €
[n]} and Spec™®(B) = {Anng(a;) | i € [n]} (Corollary 4.2.11). Pick a branching
ideal q € Spec(B); by Remark 4.3.6 there exist i,j € [n] with ¢ # j such that
q = Annp(a;)+Anng(a;), therefore Anny(a;)+Anny(a;) € qNA. Pick now b € qNA;
then

B E 3zylza; =0 M ya; =0 N b=z +y],
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and since a;,a;,b € A and A is existentially closed in B, it follows that
A = Jeylra; =0 M ya; =0 N b=z +y],

therefore b € Anny(a;) + Anna(a;) and thus N A = Anng(a;) + Anny(a;) € Spec(A)

is a branching ideal. O

Example 4.4.15 shows that there exist embeddings of models of 7T}, » which are not
local, and also that there exist embeddings of models of 7}, 5 which do not map the
branching ideal to the branching ideal; in view of Lemma 4.5.16, to obtain model
completeness for 7,, » one must enlarge the language of rings is such a way that every

embedding of models of 7T}, » in the resulting language is a good embedding.

Definition 4.5.17. (i) Let b and m be two unary predicates and define £* :=
Z(b,m).

(ii) Let T}y, be the Z*-theory T,, » together with the sentence expressing that b and
m are interpreted as the branching ideal (Remark 4.5.8 (iii)) and as the set of

non-units, respectively.

Remark 4.5.18. Let A := [[q;cyAi = Tp o, so that Ay,..., A, and C' are non-trivial
real closed valuation rings such that for each i € [n] there exists a surjective ring

homomorphism A; —» C onto a non-trivial real closed valuation ring C'

(i) For each i € [n], A; is regarded as an .Z*-structure in the canonical way, that
is, b(A;) = by, := ker(A; — C) and m(A;) := my,; in particular, the projection

map A —» A; is an Z*-homomorphism.

(ii) Note that by = b, X -+ X by, and my =my, X --- X my, when by and my are
regarded as subsets of [ 1", A;; in particular, if F(T) € Azy,...,z,] anda € A",
then A |=b(F(a)) if and only if A; = b(F;(a;)) for all i € [n], and A = n(F(a))
if and only if A; = m(F;(a;)) for all i € [n] (cf. Remark 4.5.10).

Lemma 4.5.19. Let A := [ ¢ A F Tho and @(a1, ... @) be a quantifier-free £~
formula with parameters from S C A, and @ € A" be such that A |= ¢(a). There exist
quantifier-free £*-formulas ¢z (1, ..., x,) with parameters from S; := p;(S) C A,
(i € [n]) such that
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(i) AE e(@) if and only if A; = vz:(a;) for all i € [n], and
(ii) if b € A" is such that A; |= ©qg:(b;) for all i € [n], then A = (D).
Proof. Analogous to the proof of Lemma 4.5.11 using Remark 4.5.18 (ii). m
Lemma 4.5.20. Let A, B =T}, be such that A C B as £*-structures.
(I) If A C B is sharp at bg, then A is existentially closed in B as an £*-structure.

(IT) If both A and B are homogeneous, then A is existentially closed in B as an

L*-structure.

Proof. Analogous to the proof of Lemma 4.5.13 using Lemma 4.5.19 and Proposition

2.3.13 (ii). O
Theorem 4.5.21. T}, is model complete.

Proof. Combine Lemmas 4.5.20 and 4.4.22. O

4.5.3 Consequences of model completeness
The model companion of local real closed (SV-) rings of rank n

For the next result, recall that the class of local real closed rings of rank n is elementary
in the language of rings .Z’; explicitly, an axiomatization for this class of rings is given
by the axioms for local real closed rings ([PS]) together with the .Z-sentence @p—,

defined in Lemma 4.5.1.

Corollary 4.5.22. T, is the model companion of T,, and also of the £ -theory of

local real closed rings of rank n.
Proof. Combine Theorem 4.5.15, Lemma 4.4.10, and Proposition 4.4.12. O

Example 4.5.23. T, does not have the amalgamation property; in particular, 7;, ;
is not the model completion of 7,, ([CK90, Proposition 3.5.18]). Indeed, let V be a
non-trivial real closed valuation ring of Krull dimension at least 2 and with residue
field k, and let p be a non-zero non-maximal prime ideal of V. Define A := H?//pV,
B = H%/Wp%, and C' := [[,V; note in particular that A | T, so that the

branching ideal by of A is property contained in my, and also B,C' = T,,;. Clearly
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A C B,C, and if T,, has the amalgamation property, then by Corollary 4.5.22 there
exists D = T, ; amalgamating B and C over A; by Lemma 4.4.14, BNmp = mp and
CNmp =me, but ANmp = ker(A — V/p) =by and ANmg = ker(A — k) = my,

therefore by = ANmp = myu, a contradiction to bs # m4.

Lemma 4.5.24. Let A =1, and B,C = T,1 be such that AC B,C. If AC B and
A C C are local embeddings, then there exists D |= T, 1 amalgamating B and C' over
A.

Proof. Write Spec™™(A) = {pa; | i € [n]}, Spec™ (B) = {pp; | i € [n]}, and
Spec™™(C) = {pc,; | i € [n]}, and assume without loss of generality that pp,; N A =
pa;i = poi N A for all i € [n] (Corollary 4.2.11). Since A € B and A C C are
local embeddings, A/pa; C B/pp; and A/pa; C C/pc, are local embeddings for all
i € [n] (Remark 4.2.12), therefore by Lemma 2.3.14 there exist non-trivial real closed
valuation rings V; amalgamating B/pp,; and C/pc; over A/p4; as Z(m)-structures.
Since RCVR(m) is complete (Proposition 2.3.13 (1)), there exists a non-trivial real closed

valuation ring V' with residue field k such that (V;,my,) C (V,my) for all i € [n],

therefore it follows that the canonical composite embeddings

AcB= | B [[Vic [V and AcC— [[C/peic [[Vic]]V
i€[n] i€[n] i€[n] i€[n] i€[n] i€[n]

corestrict to composite embeddings A € B — [[.V and A C C' < [[, V (respec-

tively) witnessing that [[, V | T, amalgamates B and C over A. O

Proposition 4.5.25. Let T, 1(m) and T,,(m) be the £ (m)-theories T,,1 and T, together

with the sentence expressing that m is the set of non-units, respectively.
(i) The models of T,,(m) have prime extensions in the class of models of T,, 1(m).
(i) Th1(m) is the model completion of T, (m).

Proof. Note first that since 7}, ;(m) is an extension by definitions of 7}, ; and this latter
theory is model complete, T, 1(m) is also model complete.

(i). Let A |= T, (m) and set Spec™™(A) = {p; | i € [n]}. By Lemma 4.4.10, A
embeds into A’ := [ ,/n, e A/Pi E Toi(m) as an 2 (m)-structure, and it is claimed
that A’ is the prime extension of A in the class of models of T, ;(m). Let B |= T, 1(m)
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and suppose that A C B as .Z(m)-structures; set Spec™™(B) = {q; | i € [n]}, so
that the canonical embedding B — Hie[n] B/q; corestricts to an isomorphism B =
I15/mp icpy B/ai (Lemma 4.4.7 (b)); since the embedding A C B is local, it induces
local embeddings A/p; C B/q; for all i € [n], from which it follows that the induced
embedding [;c;,y A/pi = ;e[ B/ restricts to an £’ (m)-embedding A" — B over
A.

(ii). By Corollary 4.5.22 and [CK90, Proposition 3.5.18] it suffices to show that if
B,C |= T,,1(m) contain a common .Z (m)-substructure A C B, C' such that A = T,,(m),
then there exists D = T),1(m) amalgamating B and C over A; the existence of such D
follows by Lemma 4.5.24. O

Remark 4.5.26. Let T be the Z-theory T,, together with the sentence expressing
that every non-unit is a sum of two zero divisors. By the equivalence (i) < (v) in
Proposition 4.3.5, models of T, are local real closed SV-rings of rank n whose maximal
ideal is a branching ideal; clearly any model of 7}, is a model of T, therefore T}, ;
is also the model companion of T by Corollary 4.5.22. But in this case, T}, is even
the model completion of 7}, in the language of rings: indeed, if B,C |= T, contain
a common Z-substructure A C B, C such that A = T, then by Lemma 4.3.8 both
A C B and A C C are local embeddings, therefore by Lemma 4.5.24 there exists
D |= 1T, amalgamating B and C over A.

Completeness, decidability, and NIP

Corollary 4.5.27. The theories T,,1 and T, o are complete.

Proof. By Theorems 4.5.15 and 4.5.21 to prove completeness it suffices to show that
each of the theories T}, ; and T}, , have the joint embedding property; note that T,
is an extension by definitions of T, 2, so completeness of T};, entails completeness of
T2 Let A,B |= T,1; by Lemma 4.4.21, it can be assumed that both A and B are
homogeneous, so that there exist non-trivial real closed valuation rings V" and V' with
residue fields k and K/, respectively, such that A = [[;V and B = [[yV’. Since
RCVR(m) is complete (Proposition 2.3.13 (i)), there exists a non-trivial real closed
valuation ring W with residue field I and local embeddings V, V' C W, from which it
follows that both A and B embed into [[}W kE T,; the joint embedding property
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for T}, , follows in a similar manner appealing to Lemma 4.4.22 and Proposition 2.3.13

(ii). O
Corollary 4.5.28. The theories 1,1 and T, o are decidable.

Proof. Since T,, ; and T}, » are complete by Corollary 4.5.27 and recursively axiomati-

zable (Remark 4.5.8 (i)), they are decidable. O

For the last result of this subsection, recall that if A is an NIP % -structure
([Sim15]) and B is an %,-structure which is interpretable in A ([Hod93, Section 5.3]),
then B is also NIP.

Corollary 4.5.29. The theories T,,; and T, o are NIP.

Proof. Since IP is preserved under elementary equivalence, it suffices to show by Corol-
lary 4.5.27 that [[V = Th,1 and [[y,,V = T2 are NIP, where V' is a non-trivial real
closed valuation ring of Krull dimension at least 2 with residue field k and p is a non-
zero non-maximal prime ideal of V. Since weakly o-minimal theories are NIP ([Sim15,
Appendix A.1.3]), RCVR(<,div) is NIP by [Dic87, Corollary 1.6 (c)|, therefore so is
V = RCVR. By [Sim15, Proposition 3.23], the Shelah expansion V5" is also NIP, and
since prime ideals of rings are externally definable ([dHJ24, Fact 4.1]), it follows that
both structures (V, my) and (V, p) are NIP; since [V is interpretable in (V, my ) and
[1V),V is interpretable in (V. p), it follows that both [[;V and [y, V are NIP, as

required. O

Since all local real closed SV-rings of rank 2 have exactly one branching ideal, it
follows from the above that the Z-theory of local real closed SV-rings of rank 2 splits
into two complete, decidable, and NIP _Z-theories, namely, the theories T}, ; and 7;, o;

the results above together with this observation build up to the following:

Conjecture 4.5.30. The £-theory T,, of local real closed SV-rings of rank n € N=2

splits into finitely many complete, decidable, and NIP £ -theories.

A proof of the above conjecture would rest in a good model-theoretic understanding
of arbitrary local real closed SV-rings of finite rank. Subsection 4.6.1 highlights some
of the key obstacles that arise in the model-theoretic analysis of such rings when there

are two or more branching ideals; based on the results in this section, Conjecture 4.6.9
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gives candidates for what each of the finitely many completions of 7}, mentioned in

Conjecture 4.5.30 could be.

4.5.4 Quantifier elimination for 7, ;

For this last section recall that any real closed ring A is an f-ring (A4, V, A, <), and
since a > 0 in A if and only if a is a square, the partial order < on A is definable,
and thus so are the lattice operations V and A. In particular, any Z-theory T of
real closed rings can be regarded as an .Z(V, A, <)-theory via extension by definitions;
moreover, if A C B is an Z-embedding of real closed rings, then A C B is also an
Z(V, A, <)-embedding (the proof of this fact is contained in [PS, p. 11]). The next
example, which is inspired by the example in [PS, p. 19], shows failure of quantifier

elimination for the theory 7, ; in various languages.

Example 4.5.31. If ¥’ is any language such that ¥ C ¥ C Z(V, A, <,div), then
T,.1 does not have quantifier elimination in .#”; for notational simplicity only the case
n = 2 will be considered here, but the construction can be easily adapted for arbitrary
n € N22. Assume for contradiction that T5,1 has quantifier elimination in .#” and let
V' be a non-trivial real closed valuation ring of Krull dimension at least 2 with residue
field k. Let p be a non-zero non-maximal prime ideal of V| and define B := V X}V and
C :=V xV/p; then themapseg : V — Bandec : V — C given by eg(v) := (v,v)
and ec¢(v,v/p) are £’-embeddings, and since 15 is model complete (Theorem 4.5.15)

there exist D |= To; and £’-embeddings fp : B < D and f¢ : C < D such that

B D
531 Ifc
v C

commutes ([CK90, Proposition 3.5.19]). Pick n € my \p; then b := (0,n) € Band b’ :=

the diagram

/B

—
€c

(n,0) € B are non-zero orthogonal elements, and ¢ := (0,7/p) € C and ¢ := (n,0/p) €

C are non-zero orthogonal elements, therefore Spec™®(B) = {Annp(b), Anng(¥)},

Spec™?(C) = {Ann¢(c), Anng(c)} and

Spec™®(D) = {Annp(b), Annp (b))} = {Annp(c), Annp(c)}



CHAPTER 4. LOCAL REAL CLOSED SV-RINGS OF FINITE RANK 160

by Corollary 4.2.11. But then
Spec(fp oep)(Annp(b)) = Spec(fp o ep)(Annp (b)) = Spec(fo o ec)(Annp()) = (0)

and Spec(fc o ec)(Annp(c)) = p, therefore the square of Zariski spectra induced by

the commutative square above does not commute, giving the required contradiction.

The example above shows that 7, ; fails to have quantifier elimination in any
language .Z’ such that . C %' C Z(V, A, <,div) due to the fact that any Z’-
structure A such that A |= T, ; has Z’-substructures of smaller rank; enlarging the
language to force all substructures to have rank n turns out to be sufficient to obtain

quantifier elimination.

Definition 4.5.32. Let ey, ..., e, be new constant symbols and let T := Z(V, A, <
,div,eq,...,e,). Define T,I’l to be the canonical extension by definitions of 7,1 to
Z(V, N, <,div) together with the statement expressing that ey, ..., e, are non-zero

and pairwise orthogonal elements.
Theorem 4.5.33. Ti’l has quantifier elimination.

Proof. Let A,B,C = (TJ,I)V be such that A C B,C as ZT-structures. Since T}, is

model complete by Theorem 4.5.15, so is T, therefore it suffices to show that there

n,1»

exists D = T, 2’1 amalgamating B and C over A as Zf-structures; moreover, since
B,C E (T;{,I)Vv it can be assumed that B, C |= Tﬂ;l.
Claim 1. A is a reduced local SV- f-ring of rank n (see [Sch10b, Definition 4.1]).
Proof of Claim 1. A is a reduced f-ring by the equivalence (i) < (ii) in [BKWT77,
Theoreme 9.1.2], and A is local because B is local and this property can be expressed by
the universal .ZT-sentence Vz[div(x, 1) or div(1 — z,1)]. Since A is reduced and local,
its rank is the supremum of the lengths of sequences of non-zero pairwise orthogonal
elements (Lemma 4.2.9 (I11) (i)), and as A is an #T-substructure of B |= T:L,p it follows
that rk(A) = n; finally, A is an SV-ring by Lemma 4.5.2, and A has bounded inversion
because B has bounded inversion ([SM99, Proposition 12.4]) and this property can
be expressed by the universal ZT-sentence Vz[l < z — div(z,1)], therefore A is an
SV-f-ring by [DM95, Proposition 3.2] and [Sch10a, Proposition 3.3]. Octaim 1
Set pa; = Anny(a;), pp,; = Anng(a;), and pe,; = Anne(a;) for all i € [n], where

each a; € A is the interpretation of the constant symbol e; € Z*, so that Spec™"(A) =
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fpas | i € [al}, Spec™(B) = {pp, | i € [n]}, and Spec™(C) = {po, | i € [n]} by
Corollary 4.2.11. Since p, is a minimal prime ideal of the reduced f-ring A, p4; an
irreducible /-ideal ([BKW77, Sections 8.4 and 8.5, Theoreme 9.3.2]), therefore A/p4;
is a totally ordered domain and the residue map A —» A/p4,; a homomorphism of
lattice-ordered rings (see also [SM99, pp. 31-33]).
Claim 2. The ring embeddings A/p4; C B/pp,, C/pc, are £ (<,m)-embeddings for
all i € [n].
Proof of Claim 2. The #T-embeddings A C B,C are local embeddings (Remark
2.3.12), therefore they induce local embeddings A/pa; C B/pp,i,C/pc; for all i € [n]
(Remark 4.2.12), and thus it remains to show that these latter embeddings are .Z(<)-
embeddings. Pick a € A; thenav0e€ AC B, (aV0)/pa; = (a/pai)V (0/pa;), and
(aV0)/pp; = (a/ppi)V(0/pp;), from which it follows that a/pa; > 0/p4, if and only
if a/pp; > 0/pp., as required. Uctaim 2
By Claim 1 and by the above, A/p4; is a totally ordered valuation ring for all i €
[n], and since B, C' = T;l, B/pp,; and C'/pc; are non-trivial real closed valuation rings,
therefore by Claim 2 and Lemma 2.3.14 there exist non-trivial real closed valuation

rings V; and local embeddings B/pg;, C/pc; C V; such that the diagram

B/ppi ——V;

|

Alpa; — Clyc,

commutes for all i € [n]. Amalgamate all V; into a single non-trivial real closed
valuation ring V' with residue field k in such a way that all the embeddings V; C V'
are local and define Dy := [[,V = T,1. Note that a; € p4; if and only if j = i for
all 7,7 € [n] and the images of a;/pa; and a;/pc,; in V coincide; it follows that the
ring Dy can be expanded to a model D =T 571 in such a way that the composite local
embeddings B/pp; C V; C V and C/pc; C V; C V induce #T-embeddings B C D
and C' C D (note that the ring embeddings B,C C D are .Z(div)-embeddings by
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Theorem 4.5.15) making the diagram
B———D
A——C

commute, concluding thus the proof. O

4.6 Beyond one branching ideal

The aim of this section is twofold. To start with, Subsection 4.6.1 contains the key
difficulties that arise in trying to carry the same model-theoretic analysis as done
in Section 4.5 to those local real closed SV-rings of finite rank which have two or
more branching ideals; then, Subsection 4.6.2 introduces the notion of the branching
spectrum of a local real closed ring of finite rank in order to connect the results of
the previous section with the model theory of real closed rings with radical relations
as developed in [PS] (see also [Gui25]) with a view towards overcoming the obstacles
described Subsection 4.6.1 as well as laying down the path towards a possible proof of
Conjecture 4.5.30.

As in Section 4.5, fix n € N=2 for what remains; all model-theoretic statements are
again assumed to be phrased with respect to the language of rings .Z unless stated

otherwise.

4.6.1 Difficulties with two or more branching ideals

A recurring theme in the study of real closed rings is that their Zariski spectrum serves
as a rough measure of their complexity, and this has already been seen in the previous
two sections with the differences between rings of type (n, 1) and of type (n,2). Note
that by Remarks 4.3.2 (ii) and 4.3.7, a local real closed ring of rank 2 has exactly one
branching ideal, and if A is a local real closed ring of rank 3, then all the possible
configurations of its minimal prime ideals, branching ideals, and its maximal ideal can
be summarized in the following four Hasse diagrams, where the dotted lines indicate
that there could be more prime ideals between the two nodes that each dotted line

connects:
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[1;4 .:.:': ’C|.2‘

Pi 152 i33 Pl' 13.2 .PS Pl. .P2 Ps Pl. .132 ..P3

If A is furthermore an SV-ring, then the fist diagram indicates that A is a ring
of type (3,1), and the second diagram indicates that A is a ring of type (3,2). The
fact that in the two diagrams on the left there is exactly one branching ideal creates
a situation of “symmetry” that has been heavily exploited in Section 4.5, namely, the
model-theoretic analysis of rings of type (n,j) (5 € [2]) is done in terms of the model
theory of each of the residue domains A/py,..., A/p, (Spec™™(A) = {p; | i € [n]}),
where each of these domains are all canonically regarded as structures in the same
language (£ (m) if j = 1 and £ (b,m) if j = 2, see Subsection 4.5.2) and can therefore
be easily compared and manipulated as models of a suitable theory (RCVR(m) if j =1
and RCVR(b,m) if j = 2).

This “symmetry” can break in the presence of more than one branching ideal.
In particular, two residue domains A/p; and A/p; may carry information about a
different number of prime ideals of A, and thus capturing this information via unary
predicates leads to different languages (e.g., in the case of the third diagram, A/ps can
be canonically regarded as an .Z (b, m)-structure, but A/ps; may not, although the latter
can be canonically regarded as an .Z(m)-structure); the fact that the residue domains
A/p; may not be all canonically regarded as structures in the same language in the
way described above creates an inherent difficulty in the model-theoretic analysis of
local real closed SV-rings of finite rank in terms of the domains A/p; when there is
more than one branching ideal.

There are also differences in terms of definability in the presence of more than
one branching ideal. One fact about local real closed rings A of finite rank with one
branching ideal b4 that was used in the proof of completeness of T}, » (Corollary 4.5.27)
is that b, is definable in A without parameters (Remark 4.5.8 (iii)); the next example
shows that branching ideals are generally not definable without parameters in local

real closed rings of finite rank which have more than one branching ideal:
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Example 4.6.1. Let V be a real closed domain of Krull dimension 2 and let p be a
non-zero non-maximal prime ideal. Define A; = Ay :=V Xy, V, noting that A, is a
local real closed ring of rank 2 with unique branching ideal ker(A; — V/p) and with
residue field V/my =: k. The ring A := A; X Ay C A; X Ay is a local real closed
ring of rank 4 with exactly 3 branching ideals, namely q; := ker(A — A; — V/p),
q2 := ker(A — Ay — V/p), and my = ker(A — k); if Spec™™(A) = {p1,...,ps}, then

the Hasse diagram of (Spec(A), Q) is
m

A
VRN
q: qo
/ N\ / N\
P1 P2 Ps3 P4
and the map (a1, as) — (ag,ay) is an automorphism of A C A; x Ay which swaps q;

and (.

Finally, recall that given a real closed valuation ring C', there always exists a
non-trivial real closed valuation ring W with homomorphic image C' yielding the ho-
mogeneous ring [[4W of type (n,j) (if C is a field, then j = 1, otherwise j = 2),
see Definition 4.4.19; loosely speaking, for any fixed “cofactor” C' one can find a “fac-
tor” W yielding a ring of type (n, 1) or of type (n,2) having the property that all its
residue domains modulo minimal prime ideals are abstractly isomorphic to W. The
model-theoretic relevance of this construction is that one can make the property of a
tuple @ € W™ being an element of [[2W “internal to W7, in the sense that @ € [[,W
if and only if a; — a; € ker(W — C) for all 4,5 € [n]; this was crucially used in the
model completeness proof of T}, ;, see Lemma 4.5.13 (II). Although it is easy to see
that this construction can be done for all local real closed SV-rings of rank 3, the next
example shows that this is not any more the case in the presence of two incomparable

branching ideals (the precise statement is Claim 2 in the example below):

Example 4.6.2. Let k be a real closed field and I' be a divisible totally ordered
abelian group without a smallest non-zero convex subgroup (for instance, I' can be
taken to be QY ordered lexicographically); in particular, V; := k[[T]] is a non-trivial
real closed valuation ring without a largest non-maximal prime ideal, i.e., my, does

not have an immediate predecessor in (Spec(Vi),C). Let Vs := K[[Q]], noting that
Spec(Vz) = {(0), my, }.
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Claim 1. There does not exist a surjective ring homomorphism f : V; —» V5 nor a
surjective ring homomorphism ¢ : Vo —» V.

Proof of Claim 1. Assume for contradiction that either f or ¢ as in the statement
of the claim exist. Note that since f and g are surjective, either Spec(V3) is a final
segment in (Spec(V7), C) or Spec(V7) is a final segment in (Spec(V2), C), respectively;
but this is impossible by choice of V; and V5. Octaim 1
Claim 2. There does not exist a non-trivial real closed valuation ring W having both
V1 and V5 as homomorphic images; in particular, there is no local real closed SV-ring
of rank 4 of the form (W xy, W) xp (W xy, W).

Proof of Claim 2. Assume for contradiction that there exist surjective ring homo-
morphisms f; : W —» Vj and fo : W — V5; since W is a valuation ring, either
ker(f1) C ker(fs) or ker(fy) C ker(f1), therefore either V5 is a homomorphic image of

Vi or Vj is a homomorphic image of V5, a contradiction to Claim 1. Uctaim 2

4.6.2 The branching spectrum

Although individual branching ideals in an arbitrary local real closed ring A of finite
rank are generally not definable without parameters (Example 4.6.1), the theory of A
“knows” about the poset configuration of its branching ideals in a sense which is made

precise in Corollary 4.6.8. First, some preliminaries are needed.

Definition 4.6.3. Let A be a local real closed ring of finite rank. Define the branching
spectrum of A to be

BrSpec(A) := Spec™™(A) U {m4} U {p € Spec(A) | p is a branching ideal}.

Definition 4.6.4. Let (P,C) be a root system, i.e., (P,C) is a poset such that the

principal up-set p' := {¢ € P | p C ¢} is a chain for all p € P.

(I) ¢ € P is a branching point if there exist p;,py € P distinct from ¢ such that

)min /1_

p1,p2 E ¢, and {¢} = (p] Np}

(IT) P is a root if there exists an element T € P such that p T T for all p € P (note

that if such element exists, it must be unique).

4If S C (P,C) is any subset, define S™" := {s € S | s is minimal in S with respect to C}.
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(IIT) Suppose that P is a finite root (i.e., P is a finite root system with unique maximal

element).

(i) The rank of P is rk(P) := |P™"|.

(ii) The branching root of P is the subposet
Br(P) := P™ U {T} U {p € P|pis a branching point}.

(iii) P is reduced if P = Br(P), i.e., P is reduced if every p € P\ (P™™ U {T})

is a branching point.

Remark 4.6.5. (i) Any finite root is a V-semilattice with join operation given by

min

PV py = (pl N ph)

(ii) By Remark 4.3.7, local real closed rings of finite rank have finitely many branch-

ing ideals; in particular, the poset (BrSpec(A), C) is a finite reduced root.

If (P,C) is a finite root system, then there exists a real closed ring A such that
(Spec(A),C) = (P, C). Indeed, by [DGO0] there exists a ring B such that (Sper(B), C
) = (P,C), where Sper(B) is the real spectrum of B, see Subsection 2.2.1; then
(Spec(A),C) = (P,C), where A := p(B) is the real closure of B, see [DST19, Section
13.6.3] and the references therein. The next lemma shows that one can in fact choose

A to be a real closed SV-ring:

Lemma 4.6.6. Let (P,C) be a finite root system. There exists a real closed SV-ring
A such that (Spec(A),C) = (P,C).

Proof. First note that it suffices to prove the statement for finite roots. Indeed, if
(P,C) is any finite root system, then P = P, U ... U P, where each (P, C) is a
finite root; if A; is a real closed SV-ring such that (Spec(4;),C) = (P, C) for all
€ [m], then A := Ay x --- x A, is a real closed SV-ring (by Proposition 4.2.4 (i) and
Theorem 2.3.2 (I)) such that (Spec(A4),C) = (P, C).
The proof is now by induction on the rank of finite roots (P,C). If rk(P) = 1,
then (P,C) is a chain of n elements for some n € N, therefore choosing A to be a real
closed valuation ring of Krull dimension n — 1 does the job. Let & € N and assume

that the statement holds for all finite roots of rank k. Let (P,C) be a finite root of
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rank k + 1 with minimal elements py, ..., pg, pre1. Choose i € [k + 1] such that p!
is a chain of maximal cardinality n € N in (P,C), pick any j € [k + 1]\ {i}, and
define P’ := Uée[kz+1]\{j} pg C P; then (P’,C) is a finite root of rank k, and thus by
inductive hypothesis there exists a real closed SV-ring A’ and a poset isomorphism
f:(P,C) — (Spec(A’),C). Define V := A’/ f(p;) (noting that V is a real closed
valuation ring of Krull dimension n — 1) and ¢ := p; V p; (Remark 4.6.5 (i)); then

\ pj\ :=m < n by assumption on pj, and this yields two possible cases:

- m = n. In this case, (Spec(A),C) = (P,C) for A := A’ X, B, see [DST19,
Section 12.5.7].

Il

- m < n. In this case, (Spec(4),C) = (P,C) for A := A" xp,sq) B/f(r), where

r € pl is such that |rT| = m.

In each of the cases above, A is a real closed SV-ring by Proposition 4.2.4 (iv) and
Theorem 2.3.2 (I); this concludes the inductive step and thus the proof. O

Lemma 4.6.7. Let (P,C) be a finite reduced root of rank at least 2. There exists an

Z-sentence ppry such that
A= ¢pr) < (BrSpec(A),C) = (P,C)
for all local real closed rings A of finite rank.

Proof. This is clear from combining Lemma 4.5.1 together with the following facts

about a local real closed ring A of rank n € N=%:

(i) Spec™™(A) = {Ann(a;) | i € [n]} for all non-zero pairwise orthogonal elements

a,...,a, € A (Lemma 4.2.9 (III) (ii));

(ii) each branching ideal of A is a sum of two distinct minimal prime ideals (Remark

4.3.6); and

(iii) the maximal ideal is a branching ideal if and only if every non-unit is a sum of

two zero divisors (Proposition 4.3.5).

More precisely, assume without loss of generality that (P,C) is a finite reduced root

of rank n € N=% such that T is a branching point. Then ¢pr) can be taken to be
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the conjunction of: -, (Lemma 4.5.1), the Z-sentence expressing “every non-unit
is a sum of two zero divisors”, and the .Z-sentence expressing “there exist non-zero
orthogonal elements ay,...,a, € A such that ({Ann(a;) | ¢ € [n]} U {Ann(a;) +

Ann(a;) | 4,5 € [n]}, ) is poset-isomorphic to (P, C)”. For instance, if (P,C) is the

T
./ \
/ N\
D1 D2 b3

then the last Z-sentence described above would be the one expressing “there exist

finite reduced root

non-zero pairwise orthogonal elements as, as, as € A such that Ann(a;) + Ann(as) =

Ann(as) + Ann(as) and Ann(ay) + Ann(as) € Ann(ay) + Ann(as)”. O

Corollary 4.6.8. Let A and B be local real closed rings of finite rank. If A = B, then
(BiSpec(A), C) = (BrSpec(B), ).

Proof. Immediate from Lemma 4.6.7. O]

Let A and B are local real closed SV-rings of finite rank n € N22 with one branching
ideal and suppose that (BrSpec(A),C) = (BrSpec(B),C); then A is of type (n,j)
(7 € [2]) if and only if B is of type (n,j), therefore A = B by Corollary 4.5.27. This
observation gives rise to the following conjecture on an elementary classification of

local real closed SV-rings of finite rank:

Conjecture 4.6.9. Let A and B be local real closed SV-rings of finite rank. Then
A = B if and only if (BrSpec(A), C) = (BrSpec(B), Q).

If Ais alocal real closed ring of finite rank, then BrSpec(A) is a finite subset of the
spectral space Spec(A), and as such, BrSpec(A) is proconstructible in Spec(A) (i.e.,
it is a spectral subspace of Spec(A), see Section 2.2); in particular, A corresponds to
the radical relation <grspec(a)C A? on A. Radical relations on rings are certain binary
relations which were introduced in [PS90] and later used in [PS] for the model-theoretic

analysis of real closed rings. It is shown in [PS] that if A is any real closed ring, then

X CSpec(A) — a=<xb VN Vpe X[bep=acy|
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is a bijection between proconstructible subsets X C Spec(A) and radical relations < on
A, therefore a real closed ring with a radical relation (A, <x) “knows” about the spec-
tral space X since the bounded and distributive lattice K(X) of closed constructible
subsets of X is interpretable in (A, <x); furthermore, the model theory of real closed
valuation rings with radical relations is well-understood from the work carried in the
last three sections of [PS]. In view of all of the above, a possible approach to a uniform
model-theoretic analysis of all local real closed SV-rings of finite rank and to answer
Conjecture 4.5.30 in the affirmative is to study such rings equipped with the radical

relation corresponding to their branching spectrum.
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Appendix A

Embedding Real Closed Valued
Fields

The aim of this section is proving Theorem A.5. Familiarity with the basic notions
and properties of valued fields is assumed throughout (see for example [EP05, Chapter
2] or [ADH17, Chapter 3]), as well as familiarity with ordered and real closed fields;
in what follows, the notation and conventions used for this appendix are fixed.

A waluation on a field K is a function v : K —» ' U {oco}, where I' is a totally

ordered abelian group and oo is a symbol satisfying v < oo for all v € T', such that
(i) v(a) = oo if and only if a = 0,
(ii) v(ab) = v(a)+ v(b), and
(iii) min{v(a),v(b)} <v(a+0b).

Every valuation on a field K is denoted by v, with the exception of the canonical
valuation on fields of Hahn series k((I")), in which case the valuation is denoted by
v, see Theorem 2.3.8; in particular, if K C L is an extension of valued fields, then
the valuation on L is v and the valuation on K is v;x. If K is a valued field, then
Vi :={a € K | v(a) > 0} is the corresponding valuation ring and A\g : V — V/myg
is the residue field map, where my := {a € K | v(a) > 0} is the unique maximal ideal
of Vi; write V := Vg, m:=mg, and A := g if K is clear from the context.

An ordered wvalued field is a totally ordered field K together with an order-

compatible valuation (also called convexr valuation) v : K — T' U {oc}, i.e., for

180
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all a,b € K, if 0 < a < b, then v(b) < wv(a). If K is a totally ordered field and

v: K —» I'U{oc} is a valuation on K, then the following are equivalent:
(i) v: K —» I'U {oo} is an order-compatible valuation.
(ii) V is convex in K.

(iii) The composite map K — ' — T'°P given by a — —v(a) is a surjective mor-
phism of totally ordered groups, where I'? denotes the totally ordered group
obtained by reversing the order of I'; in particular, ker(v;x>0) is a multiplicative

convex subgroup of K>°.

Since convex subrings of totally ordered fields are valuation rings ([[KXS22, Proposition
2.2.4]), ordered valued fields can be equivalently defined as pairs (K, V'), where K is an
ordered field and V' C K is a convex subring; in particular, if K is an ordered valued
field, then its residue field k := V/m is endowed with a canonical total order turning
it into a totally ordered field in such a way that the residue field map A : V — k is
order-preserving.

A real closed valued field is an ordered valued field which is real closed as a field,
i.e., it is a real closed field equipped with an order-compatible valuation; equivalently,
it is a real closed field with a distinguished convex subring. If K is an ordered valued
field, then its real closure p(K') will be regarded as a real closed valued field with the
valuation induced by K, i.e., V,(x) is defined as the convex hull of Vi in p(K); if the
value group and the residue field of K are I" and k (respectively), then the value group
and the residue field of p(K) are QI' and p(k) (respectively), and the field embedding
pr : K — p(K) is an embedding of valued fields, see [ADH17, Corollary 3.5.18]. Any
isomorphism of ordered valued fields K — L extends uniquely to an isomorphism
of valued fields p(K) — p(L), which is also order-preserving since p(K) and p(L)
are real closed; therefore, if R is a real closed valued field and ¢ : K —— R is an
embedding of ordered valued fields, then e can be extended uniquely to an embedding

of valued fields p(K) — R.

Lemma A.1. Let K be a real closed valued field with value group T' and G C K>° be

a subgroup. The following are equivalent:

(i) G is a monomial group of K, i.e., vig : G — I is a group isomorphism.
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(ii) G is a subgroup of K>° mazimal with G Nker(vg>o0) = (1).

In particular:
(a) FEwvery real closed valued field has a monomial group.

(b) If K C L is an extension of real closed valued fields and G is a monomial group

of K, then there exists a monomial group H of L containing G.

Proof. (i) = (ii). Since v|¢ is injective, GNker(v;x>0) = (1). Assume for contradiction
that there exists a subgroup G C G' C K~% with G’ N ker(vjer) = (1) and pick
g € G'\ G; since vy is surjective, there exists ¢ € G with v(g) = v(g’), hence
g9t € G'Nker(vjg>0) = (1), and thus ¢’ = ¢, a contradiction to the choice of ¢'.

(ii) = (i). Since v is an order-compatible valuation on K, ker(v g>o0) is a convex
subgroup of K>Y; since K is real closed, K~ is multiplicatively divisible (i.e., it has

)

nth roots for every positive integer n), and thus ker(v x>o0) is a divisible subgroup of
K=Y By [Fuc70, Theorem 21.2] and by assumption on G, K~° = ker(uv;g>0) - G, i.e.,
V¢ : G — I" is a group isomorphism, as required.

Items (a) and (b) follow from the implication (ii) = (i) and an application of Zorn’s

lemma. O

Lemma A.2. Let K be a real closed valued field with residue field k and kg CV be a
subfield. The following are equivalent:

(i) ko is a coefficient field of K, i.e., A, : ko — k is a field isomorphism.
(i) ko is a mazximal subfield of V.

In particular:
(a) FEwvery real closed valued field has a coefficient field.

(b) If K C L is an extension of real closed valued fields and ko is a coefficient field
of K, then there exists a coefficient field ly of L containing ky.

Proof. (i) = (ii). Assume for contradiction that there exists a subfield ky C K C V
and pick a’ € K \ ko; since A\, is surjective, there exists a € ky with A(a) = \(d'),

hence a — @’ € K Nm = (0), and thus ¢’ = a, a contradiction to the choice of a’.
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(ii) = (i). Folklore; see for instance [KS22, Proposition 2.5.3] or [Sch09, Proposition
2.1].
Items (a) and (b) follow from the implication (ii) = (i) and an application of Zorn’s

lemma. O

Lemma A.3. Let K be an ordered valued field with value group I' and residue field
k, and suppose that G C K> is a monomial group of K. If e : K — k((T")) is an
embedding of valued fields such that (g) = 2°9 for all g € G, then & preserves the

order.

Proof. Let r € K>°, assume without loss of generality that » € V' (otherwise replace

r by r~1), and write

e(r) == a,,x"° + Z a7,
where vy := v(e(r)) = v(r) € I'; it must be shown that (r) > 0, i.e., that a,, > 0.
Let g € G be such that v(g) = vo; then 0 = v(rg~') = v(e(rg™')), and

e(rg™!) =e(r)e(g™) = ay + Y _ a2 € K{[IT],

therefore 0 # a,, = Ay (e(rg™')) = Ak(rg™!), and since g > 0, r > 0, and A :

V' — k is order-preserving, a.,, = Ax(rg~*) > 0 follows, as required. O

Theorem A.4. Let K be a real closed valued field with value group I' and residue field
k. Suppose that G C K> is a monomial group of K and ky C V is a coefficient field of
K. There exists an embedding of valued fields ¢ : K — k((I')) such that e(g) = x*\9)
for all g € G and £(a) = N a) for all a € ky.

Proof. See [Pri83, Satz 21, p. 62]. O

Theorem A.5. Let K C L be an extension of real closed valued fields with value
groups I' and A, and residue fields k and l, respectively. There exist embeddings of
valued fields ex : K — k((I')) and e, : L — U((A)) such that ep1x = k.

Proof. Let G C K% be a monomial group of K, H C L>° be a monomial group of L
containing G, ky C Vi be a coefficient field of K, and ly C V}, be a coefficient field of
L containing ky; these exist by items (a) and (b) in Lemmas A.1 and A.2.

Claim. K>°NH =G and KNl = k.
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Proof of Claim. Clearly G C K>°N H and ky C K N. Since K C L as valued fields,
ker(vjg>0) C ker(viy>0), and since H is a monomial group of L, H N ker(vjy>0) =
(1); therefore H N ker(vix>0) = (1), hence (KN H) Nker(v;g>0) = (1), and thus
K>°N H = G by the implication (i) = (ii) in Lemma A.1. Similarly, since K C L as
valued fields, K NV, = Vi, hence kg C K Nly C KNV, = Vg, and thus kg = K Nk
by the implication (i) = (ii) in Lemma A.2. Octaim

By Theorem A.4, there exists an embedding of valued fields e : K —— k((I'))
such that e(g) = 2° for all g € G and €(a) = A(a) for all a € ky; the goal is to extend
ek to an embedding of valued fields e, : L —— I((A)). If the extension K C L is
immediate (that is, if K and L have the same value groups and the same residue fields),
then G = H, ko = by, and k((I")) = I((A)), therefore the existence of an embedding of
valued fields €, : L < I((A)) such that e,x = ex follows by [Kap42, Theorem 5.
Suppose now that the extension K C L is not immediate; by induction it suffices to
consider the case L := K(r), where r € L'\ K and K(r) := p(K(r)) (note that any
such r is transcendental over K, as otherwise the field generated by K U {r} in L is a
proper real algebraic extension of K, contradicting the fact that K is real closed). By
the Wilkie inequality ([Dri97, Corollary 5.6]), there are two cases to consider:

Case 1. k= I (hence kg = ) and there exists § € A\ T such that A =T ®QJ. Let
h € H be such that v(h) = 4, so that h € H\G and H = G-h@. Since K>°NH = G and
h ¢ G, it follows that h € L\ K, and since K is a real closed field, h is transcendental
over K; similarly, 2° € I((A)) is transcendental over K’ := ex(K) C k((T')), and
thus there exists a unique field isomorphism £k : K(h) — K'(2°) extending ex and
mapping h to 2°. Note that K’'(z°) C k((I'))(2°) C k(T & ZJ)), therefore £ is the
unique field embedding K (h) — k((T' @ Z)) extending ex with g (h) = 2°.

Since I' is divisible and A is torsion-free, nd ¢ I" for all 0 # n € Z, and thus given
a:=>  a;h' € K[h] with a; # 0 for all i € [n], it follows that v(a;h") # v(a;h’) for
all i, j € [n] with ¢ # j, therefore

v(a) =wv (Z aihi> = min {v(a;h")} = min {v(e(a;)) +id}

=y (Z S(Gi)(fs)i) = v(Ek(a)),

and thus €x : K(h) — k((I' @ Z6)) is an embedding of valued fields; moreover, the
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value group of K (h) is I' @ Z0 and its residue field is k ([EP05, Corollary 2.2.3]),
therefore G - h” C K (h)>° is a monomial group of K (h) such that £x (') = z*"") for
all B’ € G-h%. By Lemma A.3, £ is an embedding of ordered valued fields, and since
heL=K(r)\K, K(hy =K(r) =L by the exchange property ([PS86, Theorem
4.1]), and thus it follows that £x can be extended to an embedding of valued fields
er : L—1((A)).

Case 2. I' = A (hence G = H) and there exists ¢ € I\ k such that I = k(t). Let
b € ly be such that A(b) = t, so that b € Iy \ ko and ly = ko(b). Since K Ny = ky and
b ¢ ko, it follows that b € L\ K, and since both K and kg are real closed fields, b is
transcendental over both K and ko; similarly, ¢ € I C I((A)) is transcendental over
both K" := ex(K) C k((I')) and k, and thus there exists a unique field isomorphism
gk : K(b) — K'(t) extending ex and mapping b to t. Note that K'(t) C k((I'))(t) C
k(t)((T")), therefore €k is the unique field embedding K (b) — k(t)((I")) extending ek
with x(b) = t.

Since v(b) = v(A(b)) = v(t) = 0, it follows that both K C K (b) and K’ C K'(t) are
Gauss extensions ([EP05, Corollary 2.2.2]). In particular, given a := Y, a;b" € K|[b]
with a; # 0 for all i € [n],

v(a) =v (Z aibi> = min {v(a;)} = min {v(e(a;))} =v (Z 5(ai)ti> = v(Ek(a)),

0<i<n 0<i<n
i=0 =0

and thus x : K(b) — k(t)((I")) is an embedding of valued fields; moreover, since
K C K(b) is a Gauss extension, K (b) has value group I' and residue field k(t), therefore
G C K>° C K(b)>° is a monomial group of K (b) such that Zx(g) = 29 for all g € G.
By Lemma A .3, £k is an embedding of ordered valued fields, and arguing as in Case 1 it

follows that £k can be extended to an embedding of valued fields ey, : L — I((A)). O

Remark A.6. Let K be a real closed valued field with value group I" and residue field k.
Call a triple (G, ko, ek ) is admissible if G is a monomial group of K, kq is a coefficient
field of K, and ex : K — Kk((I")) is a valued field embedding such that ex(a) = Ak (a)
for all a € ky and ex(g) = 29 for all g € G. Then the proof of Theorem A.5 shows
that if K C L is an extension of real closed valued fields, then every admissible triple

(G, ko, e ) of K extends (in the obvious sense) to an admissible triple (H, y,er) of L.
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