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Introduction
Classically, algebraic geometry studied solution sets of polynomial equations:
{a ∈ Cn | p(a) = 0}with p ∈ C[x1, . . . , xn]. Algebraic subsets ofCn are obtained by
taking finite applications of union and intersection of such solution sets.

Geometry was algebraised via AlgSetC ∼= f.g.RedC-Algop. This was abstracted to
AffSch ∼= CRingop using the Zariski spectrum Spec(A) = {p ⊆ A | p a prime ideal} of a
ring A together with a structure sheafOSpec(A) of rings on it.

Real algebraic geometry deals with the study of solution sets of polynomial
inequalities: {a ∈ Rn | p(a) ⩾ 0}with p ∈ R[x1, . . . , xn]. Semi-algebraic subsets ofRn are
obtained by taking finite applications of union, intersection and complementation of
such solution sets.

In the abstract algebraisation of semi-algebraic geometry, Spec(A) is replaced by the
real spectrum Sper(A) = {α ⊆ A | α a prime cone} of a ring A, andOSpec(A) is replaced
by a sheaf ρA of real closed rings on Sper(A). This yields AffRCSp ∼= RCRop.

C∞-ringswere first introduced to construct topos-theoretic models of synthetic
differential geometry viaMan ↪−→ C∞-Ringopf.p. ↪−→ Sh(C∞-Ringopf.p.). Then
C∞-algebraic geometry was developed.
Summary: real closed rings and C∞-rings arise as rings attached to geometries:
semi-algebraic and differential, respectively.
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Real Closed Rings: definition and examples
Definition ([Sch86, PS02])
A ring A is a real closed ring if it satisfies the following conditions:
1. A is a reduced ring.

2. The set {a2 | a ∈ A} is the positive cone of a partial order on A such that (A, ⩽) is an
f -ring.

3. For all a, b ∈ A, if 0 ⩽ a ⩽ b, then there exists c ∈ Awith a2 = bc.

4. For all p ∈ Spec(A), the field qf(A/p) is real closed and A/p is integrally closed.

Examples
1. Real closed fields and their convex subrings, that is, real closed valuation rings
[CD86, CD83, Sch09].

2. Rings Cs.a.(S) of continuous semi-algebraic functions S −→ R on a semi-algebraic
subset S ⊆ Rn over a real closed field R [Sch89, Chapter III, Section 1].

3. Rings C(X) of continuous real-valued functions on a topological space X [Sch97].

4. Rings of global sections of Hausdorff sheaves of real closed valuation rings over
Boolean spaces, that is, Boolean products of real closed valuation rings
[Mac74, BW79, Gui01, Gui25]. See [Sch90, Satz 17] for a generalization.
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Real Closed Rings: some algebraic properties

Theorem ([Sch89, Chapter I] and [SM99, Section 12])
Let A be a real closed ring.
1. If I ⊆ A is an ideal, then A/I is real closed if and only if I is a radical ideal.

2. If S ⊆ A is amultiplicative subset, the localization S−1A is real closed.

3. If A is a domain, then A is local.

4. If A is local, then A is Henselian.

5. The support map suppA : Sper(A) −→ Spec(A) is a homeomorphism.

Theorem ([Sch87, Chapters II - III], [Sch89, Chapter I] and [SM99, Section 12])
The categoryRCR of real closed rings and ring homomorphisms is complete and cocomplete. The
inclusionRCR ⊆ CRing has a left adjoint ρ : CRing −→ RCR, called the real closure
reflector. Given A ∈ CRing, the real closed ring ρ(A) is the real closure of A, and A is real
closed if and only if the universal morphism ρA : A −→ ρ(A) is an isomorphism.

Examples

ρ(C) = {0}, ρ(Q) = Ralg, ρ(Q(
√
2)) = Ralg ×Ralg, ρ(R[x1, . . . , xn]) = Cs.a.(Rn).
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Real Closed Rings: the real closed structure
Set CZ-csa := {f : Rn −→ R | n ∈ N0, f is continuous andZ-semi-algebraic}. If A is
any set defineOA :=

⋃
n∈N0

AAn .

Theorem ([SM99, Section 12] and [Tre07, Section 2])
A ring A is real closed if and only if there exists an assignment (−)A : CZ-csa −→ OA such that:
1. If f is n-ary, then fA is n-ary.

2. Ifπni : Rn −↠ R is the projection onto the i-th coordinate, then (πni )A : An −↠ A is the
projection onto the i-th coordinate.

3. For all m, n ∈ N, if f ∈ CZ-csa is m-ary and g1, . . . , gm ∈ CZ-csa are n-ary, then(
f ◦ (g1, . . . , gm)

)
A = fA ◦

(
(g1)A, . . . , (gm)A

)
.

4. (+R)A = +A, (−R)A = −A, (·R)A = ·A, (0R)A = 0A and (1R)A = 1A.

Moreover:
1. Suppose that A is real closed. Then there is a unique assignment (−)A : CZ-csa −→ OA
satisfying 1. - 4. above, and each fA is definable by an existential Horn formula in the
language of rings. The set {fA | f ∈ CZ-csa} is the real closed structure of A.

2. If F : A −→ B is a ring homomorphism between real closed rings, f ∈ CZ-csa is n-ary and
a1, . . . , an ∈ A, then F(fA(a1, . . . , an)) = fB(F(a1), . . . , F(an)).
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C∞-Rings: definition
Let C∞ be the category whose objects areRn (n ∈ N0) together with all smooth maps
between them. Let also C∞ := {f : Rn −→ R | n ∈ N0, f is smooth}.

Definition ([Law79, 25-26], [Dub79, Section 1] and [RW78, Example 3])
Then a C∞-ring is a functorΦ : C∞ −→ Set preserving finite products. Equivalently,
C∞-ring is a pair (A, Φ), where A is a non-empty set andΦ : C∞ −→ OA is a function
such that:
1. If f is n-ary, thenΦ(f ) is n-ary.

2. If πni : R
n −↠ R is the projection onto the i-th coordinate, thenΦ(πni ) : An −↠ A

is the projection onto the i-th coordinate.

3. For allm, n ∈ N, if f ∈ C∞ ism-ary and g1, . . . , gm ∈ C∞ are n-ary, then

Φ
(
f ◦ (g1, . . . , gm)

)
= Φ(f ) ◦

(
Φ(g1), . . . , Φ(gm)

)
.

If (A, Φ) is a C∞-ring, then the set {Φ(f ) | f ∈ C∞} is the C∞-structure of (A, Φ). If
(B, Ψ) is a C∞-ring, a C∞-morphism F : (A, Φ) −→ (B, Ψ) is a function F : A −→ B
such that for every n-ary f ∈ C∞ (n ∈ N0) and all a1, . . . , an ∈ A the equality

F(Φ(f )(a1, . . . , an)) = Ψ(f )(F(a1), . . . , F(an))

holds. Write C∞-Ring for the resulting category.
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C∞-Rings: examples
If (A, Φ) is a C∞-ring, then

U(A, Φ) := (A, Φ(+R), Φ(−R), Φ(·R), Φ(0),Φ(1))

is anR-algebra. In particular, say that anR-algebra A is aC∞-ring if there exists a
functionΦ : C∞ −→ OA satisfying 1. - 3. above and such that A = U(A,Φ) as
R-algebras.

Examples
1. C(X) and rings C∞(M) of smooth real-valued functions on a manifoldM.

2. Formal algebras [MR91, pp. 18–19], that is, factor rings modulo arbitrary ideals of
ringsR[[x1, . . . , xn]] of formal power series in n ∈ N variables overR.

3. Weil algebras [MR91, Definition 3.13 andTheorem 3.17], that is, localR-algebrasW
that are finite-dimensionalR-vector spaces such thatW = R⊕m, wherem is the
maximal ideal ofW. A concrete example of aWeil algebra is the ring of dual
numbersR[ε] := R[x]/(x2).

4. Differentiable algebras in the sense of Navarro González and Sancho de Salas
[NGSdS03, Section 2.4], that is, rings isomorphic to a quotient C∞(Rn)/a for
some n ∈ N and some ideal a ⊆ C∞(Rn)which is closed in the Fréchet topology
of C∞(Rn).
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C∞-Rings: some algebraic properties
From [MR86], [MR91, Chapter 1], [CBM20] and [CBTM25, Chapters 4 and 5]:

Theorem
The categoryC∞-Ring is complete and cocomplete and the forgetful functor
C∞-Ring −→ CRing has a left adjoint. C∞(Rn) is the freeC∞-ring on n ∈ N generators,
and if E is an infinite set, then the freeC∞-ring on E is C∞(RE) := colimF⊆finE C

∞(RF).

Theorem
Let A be aC∞-ring.
1. If I ⊆ A is an ideal, then there exists a uniqueC∞-structure on A/I such that the canonical
map A −↠ A/I is aC∞-morphism.

2. If S ⊆ A is any subset, then the localization of A at S inC∞-Ring exists. This means that
there exists aC∞-ring A{S−1} and aC∞-morphism ηS : A −→ A{S−1} such that:
(a) ηS(S) ⊆ A{S−1}× and
(b) For everyC∞-morphism f : A −→ B such that f (S) ⊆ B× there exists a unique

C∞-morphism f : A{S−1} −→ B such that f = f ◦ ηS.

3. C∞-fields are real closed fields.
4. C∞-domains are local rings.
5. LocalC∞-rings are Henselian.
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A Clone-Theoretic Framework: C-rings
Both CZ-csa and C∞ are examples of (concrete) clones (with nullary operations) onR [Beh14,
Definition 2.1].

By [Tre07, Section 2], a real closed ring is a non-empty set A together with a clone
homomorphism CZ-csa −→ OA. By definition, a C∞-ring is a non-empty set A together
with a clone homomorphism C∞ −→ OA.

If C is a clone onRwith CZ-pol ⊆ C, a C-ring (A, Φ) is a non-empty set A together with
a clone homomorphismΦ : C −→ OA. The set {Φ(f ) | f ∈ C} is the C-structure of the
C-ring (A, Φ). The class of C-rings is a variety in the signature {f | f ∈ C}, cf. [KPS14,
Section 5].

Examples
1. CZ-sa := {f ∈ OR | f isZ-semi-algebraic}. The underlying rings of CZ-sa-rings are
exactly semialgebraic function rings in the sense of Schwartz–Madden (see [SM99,
Chapter 7] and [Tre07, Section 2]), equivalently, vonNeumann regular real closed rings
[SM99, Example 12.15].

2. Ccont := {f ∈ OR | f is continuous}. Ccont-rings are exactly super real closed rings in
the sense of Tressl [Tre07].

3. CZ-Nash := {f ∈ OR | f is C∞ andZ-semi-algebraic}. See [BCR98, Section 8] and
[Yam16, Yam17].
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A Clone-Theoretic Framework: the lattice of ring clones onR
OR

Ccont

CZ-csa

CC1∧Z-sa

CpolbdCZ-sa

Ccont∧polbd

CC1

...

CC1∧polbd

...
...

CCk∧polbd CCkCCk∧Z-sa

...
...

...

CZ-Nash

CC∞∧polbd C∞

CCωCCω∧polbd

CZ-pol

Some other classes of C-rings have
been studied (e.g. Ccont∧polbd-rings
[Tre10]), but other remain largely
unexplored, most notably
CZ-Nash-rings.

In general it is unclear how (or if)
clone-theoretic properties of C are
witnessed in some way in the category
C-Ring. This also applies to an
inclusion C1 ⊆ C2 and the
corresponding forgetful functor
C2-Ring −→ C1-Ring.

The set

{C ⊆ OR | C a clone with CZ-pol ⊆ C}

is a complete bounded lattice under
subset inclusion, the lattice of ring
clones onR; its structure is mostly
unknown, cf. [SM99, Section 23].

9 / 23



introduction real closed rings c∞ -rings a clone-theoretic framework smooth commutative algebra References

Smooth Commutative Algebra: C∞-radicals and smooth spectra
Definition ([MR86, p. 329])
Let A be a C∞-ring and I ⊆ A be an ideal. The C∞-radical of I is

∞√I := {a ∈ A | (A/I){(a/I)−1} ∼= 0},

where (A/I){(a/I)−1} is the localization of the C∞-ring A/I at a/I in C∞-Ring. An
ideal I ⊆ A is a C∞-radical ideal if I = ∞√I.
∞√I is an ideal for every ideal I ⊆ A of every C∞-ring A, but this is non-trivial, see
[CBM20,Theorem 4.28] or [CBTM25,Theorem 5.46]. There exist prime ideals which
are not C∞-radical: ker(C∞(R) ↠ R[[x]]) ⊆ C∞(R) [MvQR87, Example 1.2].

Theorem ([MvQR87, Cor. 1.5], [CB18,Thm. 2.3.22], [CBM23,Thm. 6.22])
Let A be aC∞-ring.
1. The Spec∞(A) := {p ∈ Spec(A) | p isC∞-radical} is a spectral subspace of Spec(A) and
Spec∞ : C∞-Ring −→ Spec is a functor to the category of spectral spaces with spectral
maps. The space Spec∞(A) is the smooth Zariski spectrum of A.

2. Define the smooth real spectrum of A to be Sper∞(A) := supp−1A (Spec∞(A)). Then
Sper∞(A) is a spectral space and the smooth support map supp∞A := (suppA)↾Sper∞(A)
is a spectral bijection supp∞A : Sper∞(A) −→ Spec∞(A).
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Smooth Commutative Algebra: a new description of smooth localizations
What follows is joint workwith J. Cerqueira Berni (UFABC), H. L.Mariano

(IME-USP) andM. Tressl (University ofManchester, UK).

Let (A, Φ) be a C∞-ring and S ⊆ A be any subset. Recall that the localization of A at S
in CRing is

S−1A =

{
a

s1 · . . . · sn
| a ∈ A, n ∈ N, si ∈ S ∪ {1}

}
.

From [Koc06, p. 156]: “Unlike in ordinary commutative algebra, we do not in general have an
explicit description of the elements of A{S−1} (the localization of A at S in C∞-Ring)”.
Definition (cf. [Tre06, Definition 5.1] and [Tre07, Section 3])
DefineΥ∞ := {t : R −→ R | t smooth and t−1(0) = {0}}. If A is a C∞-ring and
S ⊆ A is a subset, writeΥ∞(S) for the smallest multiplicatively closed subsetM ⊆ A
with S ⊆ M such thatΦ(t)(a) ∈ M for all t ∈ Υ∞ and all a ∈ M.

Theorem (cf. [Tre07,Theorem 7.4])
Let A be aC∞-ring and S ⊆ A any subset. Then

A{S−1} ∼= Υ∞(S)−1A =

{
a

Φ(t)(s1 · . . . · sn)
| a ∈ A, t ∈ Υ∞, n ∈ N, si ∈ S ∪ {1}

}
.
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Smooth Commutative Algebra: consequences of smooth localization
Corollary (cf. [Tre06, Section 5] and [Tre07, Section 6])
Let (A, Φ) be aC∞-ring and I ⊆ A be an ideal. Then

∞√I = {a ∈ A | ∃t ∈ Υ∞ such thatΦ(t)(a) ∈ I}.

An element a ∈ A in a C∞-ring (A, Φ) is a smooth nilpotent [BK18, Definition 2] if there
exists t ∈ Υ∞ withΦ(t)(a) = 0. The C∞-ring A is C∞-reduced [MR86, Definition 2.1]
if it has no non-zero smooth nilpotents, i.e., ∞√(0) = (0). For example, x ∈ R[[x]] is
a smooth nilpotent inR[[x]], soR[[x]] is not C∞-reduced.
Corollary (cf. [CBM20, Proposition 4.51 (3)])
Let A be aC∞-reducedC∞-domain. Then its ring-theoretic quotient field qf(A) is aC∞-field,
hence also a real closed field.

Theorem
Let A be aC∞-ring. The smooth support map

supp∞A : Sper∞(A) −→ Spec∞(A)

is a homeomorphism.
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Real algebraic geometry, volume 36 of Ergebnisse derMathematik und ihrer
Grenzgebiete (3) [Results inMathematics and Related Areas (3)].

Springer-Verlag, Berlin, 1998.

Translated from the 1987 French original, Revised by the authors.

Mike Behrisch.

Clones with nullary operations.

In Proceedings of theWorkshop on Algebra, Coalgebra and Topology (WACT 2013),
volume 303 of Electron. NotesTheor. Comput. Sci., pages 3–35. Elsevier Sci. B. V.,
Amsterdam, 2014.

Dennis Borisov and Kobi Kremnizer.

Beyond perturbation 1: de rham spaces.

Journal of Geometry and Physics, 124:208–224, 2018.

13 / 23



introduction real closed rings c∞ -rings a clone-theoretic framework smooth commutative algebra References

References II

Stanley Burris and HeinrichWerner.

Sheaf constructions and their elementary properties.

Trans. Amer.Math. Soc., 248(2):269–309, 1979.

Jean Cerqueira Berni.

Some algebraic and logical aspects of C∞-Rings.
PhD thesis, Universidade de São Paulo, São Paulo, Brazil, November 9 2018.

Jean Cerqueira Berni and Hugo L. Mariano.

Topics on smooth commutative algebra, 2020.

Jean Cerqueira Berni and Hugo L. Mariano.

Separation theorems in the commutative algebra of C∞-rings and applications.
Communications in Algebra, 51(5):2014–2044, 2023.

14 / 23



introduction real closed rings c∞ -rings a clone-theoretic framework smooth commutative algebra References

References III

Jean Cerqueira Berni, Ana L. Tenorio, and Hugo L. Mariano.

Sheaves and c∞-rings.
In 35o Colóquio Brasileiro deMatemática, pages xvi+246. IMPA, 2025.

Gregory Cherlin andMax A. Dickmann.

Real closed rings. II. Model theory.

Ann. Pure Appl. Logic, 25(3):213–231, 1983.

Gregory L. Cherlin andMax A. Dickmann.

Real closed rings. I. Residue rings of rings of continuous functions.

Fund.Math., 126(2):147–183, 1986.

Eduardo J. Dubuc.

Sur les modèles de la géométrie différentielle synthétique.

Cahiers Topologie Géom. Différentielle, 20(3):231–279, 1979.

15 / 23



introduction real closed rings c∞ -rings a clone-theoretic framework smooth commutative algebra References

References IV

Jorge I. Guier.

Boolean products of real closed valuation rings and fields.

Ann. Pure Appl. Logic, 112(2-3):119–150, 2001.

Jorge I. Guier.

Elimination of quantifiers for a theory of real closed rings.

Ann. Pure Appl. Logic, 176(1), 2025.

Anders Kock.

Synthetic differential geometry, volume 333 of LondonMathematical Society Lecture
Note Series.

Cambridge University Press, Cambridge, second edition, 2006.

16 / 23



introduction real closed rings c∞ -rings a clone-theoretic framework smooth commutative algebra References

References V

Sebastian Kerkhoff, Reinhard Pöschel, and Friedrich Martin Schneider.

A short introduction to clones.

In Proceedings of theWorkshop on Algebra, Coalgebra and Topology (WACT 2013),
volume 303 of Electron. NotesTheor. Comput. Sci., pages 107–120. Elsevier Sci. B. V.,
Amsterdam, 2014.

F. William Lawvere.

Categorical dynamics.

In Topos theoretic methods in geometry, volume 30 of Various Publications Series, pages
1–28. Aarhus Univ., Aarhus, 1979.

Angus Macintyre.

Model-completeness for sheaves of structures.

Fund.Math., 81(1):73–89, 1973/74.

17 / 23



introduction real closed rings c∞ -rings a clone-theoretic framework smooth commutative algebra References

References VI

I. Moerdijk and G. E. Reyes.

Rings of smooth functions and their localizations I.

J. Algebra, 99(2):324–336, 1986.

Ieke Moerdijk and Gonzalo E. Reyes.

Models for smooth infinitesimal analysis.

Springer-Verlag, New York, 1991.

Ieke Moerdijk, Ngo van Quê, and Gonzalo E. Reyes.

Rings of smooth functions and their localizations II.

InMathematical Logic andTheoretical Computer Science (Logic Year inMaryland 1985),
volume 106 of Lecture Notes in Pure and AppliedMathematics, pages 277–300. Marcel
Dekker, New York, 1987.

18 / 23



introduction real closed rings c∞ -rings a clone-theoretic framework smooth commutative algebra References

References VII

Juan A. Navarro González and Juan B. Sancho de Salas.

C∞-differentiable spaces, volume 1824 of Lecture Notes inMathematics.
Springer-Verlag, Berlin, 2003.

Alexander Prestel and Niels Schwartz.

Model theory of real closed rings.

In Valuation theory and its applications, Vol. I (Saskatoon, SK, 1999), volume 32 of
Fields Inst. Commun., pages 261–290. Amer. Math. Soc., Providence, RI, 2002.

Gonzalo E. Reyes and Gavin C.Wraith.

A note on tangent bundles in a category with a ring object.

Math. Scand., 42(1):53–63, 1978.

19 / 23



introduction real closed rings c∞ -rings a clone-theoretic framework smooth commutative algebra References

References VIII

Niels Schwartz.

Real closed rings.

In Algebra and order (Luminy-Marseille, 1984), volume 14 of Res. Exp.Math., pages
175–194. Heldermann, Berlin, 1986.

Niels Schwartz.

The basic theory of real closed spaces, volume 15 of RegensburgerMathematische
Schriften [RegensburgMathematical Publications].

Universität Regensburg, Fachbereich Mathematik, Regensburg, 1987.

Niels Schwartz.

The basic theory of real closed spaces.

Mem. Amer.Math. Soc., 77(397):viii+122, 1989.

20 / 23



introduction real closed rings c∞ -rings a clone-theoretic framework smooth commutative algebra References

References IX

Niels Schwartz.

Eine universelle Eigenschaft reell abgeschlossener Räume.

Comm. Algebra, 18(3):755–774, 1990.

Niels Schwartz.

Rings of continuous functions as real closed rings.

InOrdered algebraic structures (Curaçao, 1995), pages 277–313. Kluwer Acad. Publ.,
Dordrecht, 1997.

Niels Schwartz.

Real closed valuation rings.

Comm. Algebra, 37(11):3796–3814, 2009.

21 / 23



introduction real closed rings c∞ -rings a clone-theoretic framework smooth commutative algebra References

References X

Niels Schwartz and James J. Madden.

Semi-algebraic function rings and reflectors of partially ordered rings, volume 1712 of
Lecture Notes inMathematics.

Springer-Verlag, Berlin, 1999.

Marcus Tressl.

Computation of the z-radical in C(X).

Adv. Geom., 6(1):139–175, 2006.

Marcus Tressl.

Super real closed rings.

Fund.Math., 194(2):121–177, 2007.

22 / 23



introduction real closed rings c∞ -rings a clone-theoretic framework smooth commutative algebra References

References XI

Marcus Tressl.

Bounded super real closed rings.

In Logic Colloquium 2007, volume 35 of Lect. Notes Log., pages 220–237. Assoc.
Symbol. Logic, La Jolla, CA, 2010.

Tatsuya Yamashita.

Studies on vector fields and differential forms on C∞-schemes.
PhD thesis, Hokkaido University, 2016.

Tatsuya Yamashita.

Differentiable rings, analytic rings, nash rings and their applications to
singularity theory, 2017.

23 / 23


	Introduction
	Real Closed Rings
	C -Rings
	A Clone-Theoretic Framework
	Smooth Commutative Algebra
	References

