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Introduction

Classically, algebraic geometry studied solution sets of polynomial equations:
{ae C"|p(a) =0}withp € Clx, ..., x,]. Algebraic subsets of C" are obtained by
taking finite applications of union and intersection of such solution sets.

Geometry was algebraised via AlgSet, = f.g.Red C-Alg’. This was abstracted to
AffSch = CRing®® using the Zariski spectrum Spec(A) = {p C A | p a prime ideal} of a
ring A together with a structure sheaf Ogpec(a) of rings on it.

Real algebraic geometry deals with the study of solution sets of polynomial
inequalities: {a € R" | p(a) > O} withp € Rlx;, ..., x,). Semi-algebraic subsets of R" are
obtained by taking finite applications of union, intersection and complementation of
such solution sets.

In the abstract algebraisation of semi-algebraic geometry, Spec(4) is replaced by the
real spectrum Sper(A) = {oc C A | ov a prime cone} of a ring A, and Ogpec(a) is replaced
by a sheaf p, of real closed rings on Sper(A). This yields AfFRCSp = RCR.

C°-rings were first introduced to construct topos-theoretic models of synthetic
differential geometry via Man — C*-Ring¢? — Sh(C*-Ring? ). Then
C>°-algebraic geometry was developed.

Summary: real closed rings and C*-rings arise as rings attached to geometries:
semi-algebraic and differential, respectively.
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Real Closed Rings: definition and examples
Definition ([Sch86, PS02])

Aring A is a real closed ring if it satisfies the following conditions:

1. Aisareduced ring.

2. The set{a* | a € A} is the positive cone of a partial order on A such that (4, <) is an
f-ring.
3. Foralla,b € A,if 0 < a < b, then there exists ¢ € A with a*> = bc.

4. Forallp € Spec(A), the field qf(A/p) is real closed and A/p is integrally closed.

Examples

1. Real closed fields and their convex subrings, that is, real closed valuation rings
[CD86, CD83, Scho9].

2. Rings C;, (S) of continuous semi-algebraic functions S — R on a semi-algebraic
subset S C R" over a real closed field R [Sch89, Chapter I1I, Section 1].

3. Rings C(X) of continuous real-valued functions on a topological space X [Sch97].

4. Rings of global sections of Hausdorff sheaves of real closed valuation rings over
Boolean spaces, that is, Boolean products of real closed valuation rings
[Mac74, BW79, GuiOl, Gui25]. See [Sch90, Satz 17] for a generalization.




Real Closed Rings: some algebraic properties

Theorem ([Sch89, Chapter I] and [SM99, Section 12])
Let A be a real closed ring.
1. IfI C Aisanideal, then A/Iis real closed if and only if I is a vadical ideal.

2. IfS C Ais amultiplicative subset, the localization S*A is real closed.
3. IfAisadomain, then Aislocal.

4. IfAislocal, then A is Henselian.

5. The support map supp, : Sper(A) — Spec(A) is a homeomorphism.

Theorem ([Sch87, Chapters II - I11], [Sch89, Chapter I] and [SM99, Section 12])

The category RCR of real closed rings and ring homomorphisms is complete and cocomplete. The
inclusion RCR C CRing has a left adjoint p : CRing — RCR, called the real closure
reflector. Given A € CRing, the real closed ring p(A) is the real closure of A, and A is real
closed if and only if the universal morphism p, : A — p(A) is an isomorphism.

Examples

p(C) :{O}; p(Q) = Ralgr p(Q(\/i)) = IE{ell,g X Ralg: p(R[xl ::::: xn]) = Cs.a.(Rn)-




Real Closed Rings: the real closed structure
Set Czcsa :=1{f : R” — R | n € Ny, f is continuous and Z-semi-algebraic}. If A is
any set define Oy := U, cp, A%
Theorem ([SM99, Section 12] and [Tre07, Section 2])
Aring Aisreal closed if and only if there exists an assignment (— )4 : Cz.csa — O, such that:
1. If f isn-ary, then f, is n-ary.

2. Ifn? : R" — Risthe projection onto the i-th coordinate, then (7t} )4 : A" —» Aisthe
projection onto the i-th coordinate.

3. Forallm,n € N,if f € Cg.csaism-aryandg,, ..., G € Cgzcsa arve n-ary, then

4. (+r)a = +4 (—RrRJa = —a (‘R)a = -4, (Or)a = Og and (Ig)a = Ia.
Moreover:

1. Suppose that A is real closed. Then there is a unique assignment (—)4 : Cz.csa — Oy
satisfying 1. - 4. above, and each f, is definable by an existential Horn formula in the
language of rings. The set {fy | f € Cyz.csa}is the real closed structure of A.

2. IfF : A — Bisaring homomorphism between real closed rings, f € Cxz.cs, is n-ary and
a, ..., a, € A then F(fy(ay, ..., a,)) =fa(F(a),..., F(a,)).




C*°-Rings: definition
Let C* be the category whose objects are R” (n € IN,) together with all smooth maps
between them. Letalso C* :={f : R" — R | n € N, f is smooth}.
Definition ([Law79, 25-26], [Dub79, Section 1] and [RW78, Example 3])

Then a C*-ring is a functor @ : C*° — Set preserving finite products. Equivalently,

C>°-ring is a pair (4, @), where A is a non-empty set and @ : C° — O, is a function

such that:

1. If f is n-ary, then @ (f) is n-ary.

2. If @’ : R" — R is the projection onto the i-th coordinate, then @ (7}') : A* —» A
is the projection onto the i-th coordinate.

3. Forallm,n € N, if f € C®ism-aryand g, ..., gm € C® are n-ary, then

If (A, @) is a C*°-ring, then the set{D(f) | f € C>}is the C®-structure of (A, @). If
(B,¥)isa C®-ring, a C>®-morphism F : (A, ®) — (B, V) isafunctionF: A — B
such that for every n-ary f € C* (n € INy) and all gy, ... ., a, € Athe equality

holds. Write C°-Ring for the resulting category.
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C*°-Rings: examples
If (A, @) is a C*°-ring, then
U(A @) = (A O(+r), O(—r), P(-r), P(0), D(1))

is an R-algebra. In particular, say that an R-algebra A is a C®-ring if there exists a
function @ : €~ — O, satisfying 1. - 3. above and such that A = U(4A, @) as
RR-algebras.

Examples
1. C(X) and rings C*(M) of smooth real-valued functions on a manifold M.

2. Formalalgebras [MR91, pp. 18-19], that is, factor rings modulo arbitrary ideals of
rings Ri[x;, ..., x,]] of formal power series in n € IN variables over RR.

3. Weil algebras [MR91, Definition 3.13 and Theorem 3.17], that is, local R-algebras W
that are finite-dimensional IR-vector spaces such that W = R & m, where m is the

maximal ideal of W. A concrete example of a Weil algebra is the ring of dual
numbers R[e] := Rlx]/(x*).

4. Differentiable algebras in the sense of Navarro Gonzalez and Sancho de Salas
[NGSdS03, Section 2.4], that is, rings isomorphic to a quotient C*(IR") /a for
some n € IN and some ideal a C C*(IR") which is closed in the Fréchet topology
of C*(IR™).




C*°-Rings: some algebraic properties
From [MR86], [MR91, Chapter 1], [CBM20] and [CBTM25, Chapters 4 and 5]:

Theorem

The category C°°-Ring is complete and cocomplete and the forgetful functor
C>-Ring — CRing has a left adjoint. C*°(IR") is the free C*-ring onn € IN generators,
and if E is an infinite set, then the free ©°-ring on E is C* (IRF) := colimpc, ¢ C*(RF).

Theorem
Let A be a C®-ring.

1.

If1 C Aisanideal, then there exists a unique C*°-structure on A/1 such that the canonical
mapA —» A/Iisa C®-morphism.

IfS C Ais any subset, then the localization of A at S in C*°-Ring exists. This means that
there exists a C®-ring A{S™'} and a C*-morphismng : A — A{S '} such that:

@ ns(S) C A{sT!}* and
(b) Forevery C>-morphismf : A — Bsuch thatf(S) C B there exists a unique
C®-morphism f : A{S™'} — Bsuchthatf = f omns.

C-fields are real closed fields.
C°-domains are local rings.

Local C*°-rings are Henselian.




A Clone-Theoretic Framework: C-rings

Both Cyz.s, and C* are examples of (concrete) clones (with nullary operations) on R [Beh14,
Definition 2.1].

By [Tre07, Section 2], a real closed ring is a non-empty set A together with a clone
homomorphism Cz_ ., — O,. By definition, a €*-ring is a non-empty set A together
with a clone homomorphism €~ — O,.

If Cisaclone on R with Cz.po1 C €, a C-ring (A, @) is a non-empty set A together with
a clone homomorphism @ : € — O4. The set {O(f) | f € €} is the C-structure of the
C-ring (A, @). The class of C-rings is a variety in the signature {f | f € C}, cf. [KPS14,
Section 5].

Examples

1. Czsa:={f € Or | f is Z-semi-algebraic}. The underlying rings of Cz.s,-rings are
exactly semialgebraic function rings in the sense of Schwartz—Madden (see [SM99,
Chapter 7] and [Tre07, Section 2]), equivalently, von Neumann regular real closed rings
[SM99, Example 12.15].

2. Ceont :={f € OR | f is continuous}. Ceopc-rings are exactly super real closed rings in
the sense of Tressl [Tre07].

3. Cznash :=1{f € Og | fis C* and Z-semi-algebraic}. See [BCR98, Section 8] and
[Yam16, Yami17].
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A Clone-Theoretic Framework: the lattice of ring clones on R

Some other classes of C-rings have
been studied (e.g. Ceone/polbd-rings
[Trel0]), but other remain largely
unexplored, most notably
Cz-Nash-rings.

In general it is unclear how (or if)
clone-theoretic properties of C are
witnessed in some way in the category
C-Ring. This also applies to an
inclusion €; C €, and the
corresponding forgetful functor
C,-Ring — C;-Ring.

The set
{€ C Og | Caclone with Czpo C €}

is a complete bounded lattice under
subset inclusion, the lattice of ring
clones on R; its structure is mostly
unknown, cf. [SM99, Section 23].




Smooth Commutative Algebra: C*°-radicals and smooth spectra
Definition (IMR86, p. 329])
Let Abe a C*-ring and I C A be an ideal. The C*®-radical of I is

Vi={acA|(4/D{(a/D)"} =0},

where (A/I){(a/I) '} is the localization of the €*-ring A/I at a/I in C*-Ring. An
ideal I C Ais a C®-radical ideal if ] = /1.

/1is an ideal for every ideal I C A of every C®-ring A, but this is non-trivial, see
[CBM20, Theorem 4.28] or [CBTM25, Theorem 5.46]. There exist prime ideals which
are not C*-radical: ker(C*(RR) — R/[[x]]) C C*(RR) [MvQR87, Example 1.2].

Theorem ([MvQR87, Cor. 1.5], [CB18, Thm. 2.3.22], [CBM23, Thm. 6.22])
Let A be a C®-ring.

1. The Spec™(A) := {p € Spec(A) | pis C>®-radical} is a spectral subspace of Spec(A) and
Spec® : C*-Ring — Spec is a functor to the category of spectral spaces with spectral
maps. The space Spec™ (A) is the smooth Zariski spectrum of A.

2. Define the smooth real spectrum of A to be Sper™ (A) := supp, ' (Spec™®(A)). Then
Sper*(A) is a spectral space and the smooth support map supp3°® := (supp, ) sper>(4)
is a spectral bijection suppy° : Sper™(A) — Spec*™(A).
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Smooth Commutative Algebra: a new description of smooth localizations

What follows is joint work with J. Cerqueira Berni (UFABC), H. L. Mariano
(IME-USP) and M. Tressl (University of Manchester, UK).

Let (A, @) be a C°-ring and S C A be any subset. Recall that the localization of A at S
in CRing is
ST'A = {L lacA neN, siGSU{l}}.
St Sy

From [KocO06, p. 156]: “Unlike in ordinary commutative algebra, we do not in general have an
explicit description of the elements of A{S '} (the localization of A at S in €*-Ring)”.

Definition (cf. [Tre06, Definition 5.1] and [Tre07, Section 3])

Define Y :={t: R — R | t smoothand ¢ '(0) ={0}}. If Aisa C*-ring and
S C Ais a subset, write Y°(S) for the smallest multiplicatively closed subset M C A
with S C M such that @(t)(a) € Mforallt € Y and alla € M.

Theorem (cf. [Tre07, Theorem 7.4])
LetAbea C®-ringand S C A any subset. Then

a

AlST}=T(s) A= {m

IaEA,tEY"",ne]N,siGSU{I}}.
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Smooth Commutative Algebra: consequences of smooth localization
Corollary (cf. [Tre06, Section 5] and [Tre07, Section 6])
Let (A, @) be a C°°-ring and I C A be anideal. Then

VI={acAl|3teYsuchthat®(t)(a) € I}.

Anelementa € Aina C®-ring (A, @) is a smooth nilpotent [BK18, Definition 2] if there
exists t € Y with ®(t)(a) = 0. The C*-ring A is C*®-reduced [MR86, Definition 2.1]
if it has no non-zero smooth nilpotents, i.e., ¥/(0) = (0). For example, x € R[[x]] is
a smooth nilpotent in R[[x]], so R[[x]] is not C*-reduced.

Corollary (cf. [CBM20, Proposition 4.51 (3)])

Let A be a C®-reduced C®-domain. Then its ring-theoretic quotient field qf(A) is a C*°-field,
hence also a real closed field.

Theorem
Let A be a C*-ring. The smooth support map
suppy’ : Sper™(A) — Spec™(4)

is a homeomorphism.
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